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Abstract
In this paper we derive higher derivative corrections to the eleven dimensional super-
gravity by applying the Noether method with respect to the N = 1 local supersymmetry.
An ansatz for the higher derivative effective action, which includes quartic terms of the Rie-
mann tensor, is parametrized by 132 parameters. Then we show that by the requirement
of the local supersymmetry, the higher derivative effective action is essentially described by
two parameters. The bosonic parts of these two superinvariants completely match with the
known results obtained by the perturbative calculations in the type IIA superstring theory.
Since the calculations are long and systematic, we build the computer programming to
check the cancellation of the variations under the local supersymmetry. This is an extended
version of our previous paper[1].
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1
1 Introduction
The requirement of the local supersymmetry is a powerful tool to restrict the form of an effec-
tive action. Especially the action of the supergravity theory in eleven dimensions is uniquely
determined by imposing the N = 1 local supersymmetry[2]. The supergravity theory in eleven
dimensions is well recognized as the low energy effective theory of the M-theory which contains a
membrane as a fundamental object. Despite the importance of the M-theory, the quantization of
the membrane has not been accomplished yet. So it is impossible to calculate scattering ampli-
tudes of membranes, and we do not know so much about the M-theory beyond the supergravity
approximation.
In this paper we pursue the effective action of the M-theory beyond the supergravity by
imposing the N = 1 local supersymmetry rather than quantizing the membrane. Especially we
want to examine whether the local supersymmetry is powerful enough to determine the effective
action of the M-theory.
Let us briefly review the expected form of the higher derivative corrections to the eleven
dimensional supergravity, which is obtained by using the duality between the M-theory and the
type IIA superstring theory. The perturbative analyses of the scattering amplitudes in the type
IIA superstring theory is one of the important methods to determine the structure of the higher
derivative corrections to the supergravity. According to these analyses the bosonic part of the
corrections to the type IIA supergravity is given by
L(α′)3 ∼ e
−2φItree + c I1-loop, (1.1)
Itree = t8t8eR
4 + 14·2!ǫ10ǫ10eR
4,
I1-loop = t8t8eR
4 − 14·2!ǫ10ǫ10eR
4 − 16ǫ10t8BR
4,
where c is some known constant. The definition of a tensor t8 is given in the appendix B, and a
tensor ǫ10 is a completely antisymmetric tensor with 10 indices. The tree level effective action
is obtained by the four graviton amplitude and the sigma-model computation[3, 4, 5]. The first
two terms of the one-loop effective action is found by the four graviton amplitude[6]. The last
term in the one-loop effective action is introduced to ensure the string-string duality between
type IIA on K3 and heterotic string on T 4[7, 8]. Under this duality, the last term is related to
the Green-Schwarz anomaly cancellation term in the heterotic string effective action[9].
The bosonic part of the higher derivative corrections to the eleven dimensional supergravity
is obtained by lifting the result (1.1) to eleven dimensions. Thus there are two candidates which
will be invariant under the N = 1 local supersymmetry[6, 10].
t8t8eR
4 − 112ǫ11t8AR
4, t8t8eR
4 + 14!ǫ11ǫ11eR
4, (1.2)
where a tensor ǫ11 is a completely antisymmetric tensor with 11 indices. For the first part, the
supersymmetric counter terms, which are bilinear to the Majorana gravitino, are derived by
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applying the Noether method with respect to the local supersymmetry[11]-[15]. For the second
part, a complete expression for the supersymmetric counter terms is not know yet. See ref. [16]
for some discussions.
Besides the approaches by the string perturbation analyses, the dualities and the Noether
method discussed above, there are other methods to derive the higher derivative effective action
of the M-theory[17]-[26]. The famous methods are the analyses by computing the scattering
amplitudes of superparticles in eleven dimensions and the superfield method. Among these
approaches we employ the Noether method because this method maximally respect the local
supersymmetry.
The procedure of the Noether method is well known and quite simple. First we prepare the
ansatz for the higher derivative effective action in which each term has some unknown coefficient.
Then we consider the variations of the ansatz under the N = 1 local supersymmetry. The
cancellation of these variations gives simultaneous equations among the unknown coefficients
in the ansatz. By solving these equations, we can determine the possible forms of the higher
derivative effective action. At the same time we also obtain modifications of the supersymmetric
transformation rules. This is the merit of employing the Noether method.
As we are interested in the question whether the local supersymmetry is useful enough to
determine the effective action of the M-theory, basically we have to prepare the ansatz as general
as possible. Although it is an ideal case, it is impractical to apply the Noether method to that
case because of the enormous calculations. So it is essential to reduce the number of the terms
in the ansatz. In fact we will classify the ansatz by examining the number of the covariant
derivatives after the variation, and drop the terms from the ansatz which include more than
one covariant derivative explicitly.
After the above prescription there still remain so many terms in the ansatz. Actually we
have 132 terms in the ansatz, and the variations are expanded by 264 bases. So it is almost
impossible to execute this program by hand. Thus in order to complete this task, we often
employ a computer programming.
With the aid of the computer programming, we complete the cancellation of the variations
under the local supersymmetry. As a result the number of the parameters in the ansatz are
essentially reduced to only two, and the higher derivative effective action is given by a linear
combination of two superinvariants. Surprisingly these two superinvariants completely match
with those in the eq. (1.2). Therefore at this stage it seems that the N = 1 local supersymmetry
is powerful enough to determine the structure of the higher derivative effective action of the
M-theory.
The content of our paper is as follows. In section 2, we review the derivation of the eleven
dimensional supergravity in detail. In section 3, an overview of the procedure to determine the
higher derivative corrections is explained. We give detailed explanations of the higher derivative
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corrections in section 4. The 132 terms in the ansatz and the variations of them are explicitly
written down. These variations are expanded by the 264 bases, but 20 of them depend on
the other terms by nontrivial identities. Almost all the terms in the ansatz and the bases in
the variations are derived both by hand and by the computer programming independently. In
section 5 we show that the local supersymmetry essentially reduce the number of the parameters
to only two, and these two superinvariants are exactly match with the eq.(1.2). We also mention
about the modifications of the supersymmetric transformation rules. Section 6 is devoted to
the conclusions and discussions.
2 Review of the Eleven Dimensional Supergravity
2.1 The Ansatz for the Action and the Supersymmetric Transformations
The eleven dimensional supergravity is the low energy effective theory of the M-theory which
is considered to be a strong coupling limit of the type IIA superstring theory. The local super-
symmetry of this theory possesses 32 super charges and determines the structure of the effective
action uniquely[2].
In this section we briefly review the derivation of the eleven dimensional supergravity. First
we write down all possible terms for the effective action and the supersymmetric transformations
with arbitrary coefficients. Then we employ the Noether method to fix these coefficients by the
local supersymmetry. This section is placed to be preliminaries of later sections where higher
derivative corrections to the supergravity are discussed. So readers who are only interested in
the higher derivative corrections may skip this section and refer this part like an appendix.
The field contents of the supergravity in eleven dimensions are quite simple. First of all we
begin with a vielbein eµa and a Majorana gravitino ψµ which have 44 and 128 physical degrees
of freedom, respectively. In order to balance the numbers of bosonic and fermionic states, we
need a three-form potential Aµνρ which has 84 physical degrees of freedom. The Greek indices,
µ, ν, ρ, · · · , label the coordinates in the curved space-time and the Latin indices, a, b, c, · · · , refer
to the local Lorentz coordinates, both of them run from 0 to 10. Spinor indices are neglected
to make expressions simple.
The action of the supergravity in eleven dimensions should be constrained by the local
symmetries and the parity invariance, which are listed as
1. The general coordinate invariance and the local Lorentz invariance.
2. The abelian gauge symmetry : A→ A+ dΛ.
3. The N = 1 local supersymmetry. (2.1)
4. The parity invariance : x10 → −x10, A→ −A, ψ → γ10ψ,
where A, Λ and ψ are 3-form, 2-form and 1-form, respectively. The normalization of the forms
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is defined so as the sum of all the coefficient becomes one, i.e., A = 13!Aµνρdx
µ ∧ dxν ∧ dxρ for
example. The matrices γµ are the gamma matrices in eleven dimensions and the γ10 generates
the parity transformation for the spinor indices. The notation γρ1···ρn is used to represent the
product of n gamma matrices whose indices are completely antisymmetrized. The coefficient
of each term is 1n! , so γ
ρ1ρ2 = 12!(γ
ρ1γρ2 − γρ2γρ1) for instance.
Due to the local symmetries of 1 and 2 in the eq. (2.1), the building blocks of the supergravity
action should be a Riemann tensor Rabµν , a 4-form field strength Fµνρσ , a covariant derivative
Dµ which acts only on the local Lorentz indices, and a bilinear term of the Majorana gravitino
ψ¯µγ
ρ1···ρnψν . A Chern-Simons term A∧F∧F is an exception, which include the 3-form potential
explicitly but is still gauge invariant.
The requirement of the local supersymmetry 3 in the eq. (2.1) is useful to determine the
action of the eleven dimensional supergravity. In fact we derive the action uniquely by employing
the Noether method. The parity invariance 4 in the eq. (2.1) ensures the duality between the M-
theory on S1/Z2 and the heterotic superstring theory. As we will see later, the action obtained
by imposing the local supersymmetry satisfies the parity invariance automatically. For the
supergravity this symmetry is not so helpful to determine the action, but becomes useful to
restrict the ansatz for the higher derivative corrections.
Let us consider the ansatz for the Lagrangian. Since the gravitational coupling constant
has the length dimension of [L]9, the ansatz consists of terms with the length dimension of
[L]−2. The building blocks have dimensions like Rabµν = [L]
−2, Fµνρσ = [L]
−1, Dµ = [L]
−1 and
ψ¯µγ
ρ1···ρnψν = [L]
−1. So the ansatz for the Lagrangian is written by
L0 = L[eR] + L[eψ¯ψ(2)] + L[eF
2] + L[eF ψ¯ψ] + L[eǫ11AF
2] +O(ψ4), (2.2)
where we used a simple notation [X]. This represents a set of terms which become X after
ignoring their indices, coefficients and gamma matrices. For example, L[eF ψ¯ψ] includes a
term eFµνρσψ¯µγρσψν . Since we examine the cancellation of variations under supersymmetry
transformations up to O(ψ2), we only write the Lagrangian up to O(ψ4). The first three
parts are the usual kinetic terms and last two parts are the interaction terms, whose explicit
expressions are given by
L[eR] = eR,
L[eψ¯ψ(2)] = −
1
2eψ¯ργ
ρµνψµν ,
L[eF 2] = − 148eFµνρσF
µνρσ, (2.3)
L[eF ψ¯ψ] = c1eF
µνρσψ¯µγρσψν + c2eFαβγδψ¯µγ
µναβγδψν
+ c3eFαβγδψ¯µγ
αβγδψµ + c4eFαβγ
µψ¯(µγ
ναβγψν),
L[eǫ11AF
2] = c5eǫ
µ1···µ11
11 Aµ1µ2µ3Fµ4···µ7Fµ8···µ11 .
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The coefficients of the kinetic terms are fixed by rescaling the fields. On the other hand, the
coefficients cn(n = 1, · · · , 5) should be fixed by the local supersymmetry. The indices in the
brackets ( ) or [ ] are completely symmetrized or antisymmetrized respectively. The ǫµ1···µ1111 is
an antisymmetric tensor defined as ǫµ1···µ1111 = e
[µ1
a1 · · · e
µ11]
a11ǫ
a1···a11
11 , and ǫ
01···10
11 = 1 for local
Lorentz indices. Other notations we employed here are summarized in the appendix A. It is
easy to see that the Lagrangian is invariant under the parity transformation.
Now we introduce a space-time dependent parameter ǫ which transforms as a Majorana
spinor. The dimension of ǫ is [L]1/2, and the supersymmetric transformations are assumed as
δ0e
µ
a = −ǫ¯γ
µψa,
δ0ψµ = d1Dµǫ+ d2Fµjklγ
jklǫ+ d3Fijklγ
ijkl
µǫ+O(ψ
2), (2.4)
δ0Aµνρ = d4ǫ¯γ[µνψρ] + d5ǫ¯γµνρσψ
σ.
Again terms which do not contribute to the cancellation up to O(ψ2) are neglected. The
coefficients dn(n = 1, · · · , 5) can be fixed by the local supersymmetry. Note that the right sides
of the above equations behave correctly under the parity transformation. This means that the
supersymmetry transformations do not mix parity even terms and parity odd terms. Therefore
the local supersymmetry is compatible with the parity invariance.
2.2 The Local Supersymmetry
In this subsection we review the variations under the local supersymmetry. The requirement of
the local supersymmetry in eleven dimensions completely determines the coefficients cn and dn
in the ansatz in eqs.(2.3) and the transformation rules (2.4).
In order to examine the local supersymmetry, it is convenient to employ the 1.5 order
formalism. That is, the variations of the Lagrangian by the supersymmetric transformations
are understood as
δ0L0 = eδ0e
µ
aE(e)
a
µ + eδ0ψ¯µE(ψ)
µ + eδ0AµνρE(A)
µνρ + eδ0ωµ
abE(ω)µab
= eδ0e
µ
aE(e)
a
µ|ω(e,ψ) + eδ0ψ¯µE(ψ)
µ|ω(e,ψ) + eδ0AµνρE(A)
µνρ|ω(e,ψ), (2.5)
where E(e)aµ = e
−1 δL
δeµa
, E(ψ)µ = e−1 δL
δψ¯µ
, E(A)µνρ = e−1 δLδAµνρ and E(ω)
µ
ab = e
−1 δL
δωµab
are
field equations. In the first line the spin connection ωµ
ab is treated as an independent field. To
go to the second line the vielbein postulate and the field equation for the spin connection,
Dνe
µ
a + Γ
µ
νρe
ρ
a = 0,
E(ω)µab = −Dν(2ee
[ν
ae
µ]
b)−
1
8eψ¯ργ
ρµνγabψν = 0, (2.6)
are solved. From these equations the spin connection is expressed like
(ωρ)
ab = −eaµebνeρc∂[µe
c
ν] + e
bν∂[νe
a
ρ] − e
aµ∂[µe
b
ρ]
+ 14 ψ¯
aγρψ
b − 14 ψ¯
bγaψρ +
1
4 ψ¯
aγbψρ +
1
8 ψ¯
αγabραβψ
β. (2.7)
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Thus the variations for the spin connection are trivially canceled in the case of the supergravity.
Note, however, that the variations fo the spin connection in the case of higher derivative effective
action do not cancel automatically. We will mention this in section 4. The field equations for
the vielbein, the Majorana gravitino and the 3-form potential are calculated as
E(e)aµ = 2R
a
µ − e
a
µR−
1
6F
aijkFµijk +
1
48e
a
µFijklF
ijkl +O(ψ2),
E(ψ)µ = −γµabψab + 2c1F
µijkγijψk + 2c2Fijklγ
µijklmψm
+ 2c3Fijklγ
ijklψµ + 2c4Fijk
(µγl)ijkψl +O(ψ
3), (2.8)
E(A)µνρ = 16e
µ
ae
ν
be
ρ
cDdF
dabc + c5ǫ
µνρijklmnop
11 FijklFmnop +O(ψ
2).
To derive these equations we neglect the torsion parts which are the order of O(ψ2).
Now let us consider the supersymmetric variations of the ansatz. From the eqs. (2.4) and
(2.8), the variations of the Lagrangian (2.5) under the local supersymmetry transformations are
sketched as
δ0L0 = [eRǫ¯ψ]⊕ [eF ǫ¯Dψ]⊕ [eDF ǫ¯ψ]⊕ [eF
2ǫ¯ψ], (2.9)
where [X] represents a set of terms which become X after ignoring their indices, coefficients
and gamma matrices. The cancellation of the variation, δ0L0 = 0, gives linear equations among
the coefficients cn and dn.
The calculations in detail are executed as follows. First of all, the terms in [eRǫ¯ψ] come
from the variations of L[eR] and L[eψ¯ψ(2)] in the eq. (2.3). These terms are free from the 4-form
field strength and calculated as
[eRǫ¯ψ] = (−2 + d1)e(Rab −
1
2ηabR)ǫ¯γ
bψa, (2.10)
where we used the relation
D[eψcd] =
1
4Rab[cdγ
abψe] +O(ψ
3). (2.11)
The vanishing of the eq. (2.10) leads to d1 = 2.
Next, the terms in [eF ǫ¯Dψ] are derived from the variations of L[eψ¯ψ(2)] and L[eF ψ¯ψ] in
the eq. (2.3). These terms are linear to the 4-form field strength as
[eF ǫ¯Dψ] = +(−6d2 − 84d3 − 2c1)eFijklǫ¯γ
klψij
+ (6d2 + 48d3)eFijklǫ¯γ
mjklψim
+ (d2 + 5d3 − 2c2)eFijklǫ¯γ
ijklabψab (2.12)
− 4c3Fijklγ
ijklDaψ
a
− 4c4Fijk
lγmijkD(lψm).
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These variations are canceled when c1 = −18d3, c2 = −
3
2d3, c3 = c4 = 0 and d2 = −8d3. The
terms in [eDF ǫ¯ψ] which are also linear to the 4-form field strength come from the variations of
L[eF 2] and L[eF ψ¯ψ] in the eq. (2.3).
[eDF ǫ¯ψ] = +(72d3 +
1
6d4)eD
iFijklǫ¯γ
jkψl
+ 16d5eD
iFijklǫ¯γ
jklmψm. (2.13)
The cancellation of the right hand sides fixes the coefficients as d4 = −432d3 and d5 = 0.
Finally, after tedious gamma calculations, the terms in [eF 2ǫ¯ψ] which are quadratic to
the 4-form field strength come from the variations of L[eF 2], L[eF ψ¯ψ] and L[eǫ11AF
2] in the
eq. (2.3).
[eF 2ǫ¯ψ] = +(16 − 3456d
2
3)eFaijkF
bijk ǫ¯γaψb
+ (− 148 + 432d
2
3)eFijklF
ijklǫ¯γaψa (2.14)
+ (−18d23 − 2592d3c5)eFabcdFefghǫ¯γ
abcdefghiψi.
These terms vanish when d3 =
1
144 and c5 = −
1
(144)2 .
To summarize so far, we started from the ansatz (2.2) and (2.4) with the coefficients cn and
dn. The requirement of the local supersymmetry fixes these coefficients uniquely as
c1 = −
1
8 , c2 = −
1
96 , c3 = 0, c4 = 0, c5 = −
1
(144)2
,
d1 = 2, d2 = −
1
18 , d3 =
1
144 , d4 = −3, d5 = 0. (2.15)
In a similar way we will determine the structure of higher derivative effective action in subse-
quent sections.
Before ending this section, for later use, we summarize the relations obtained by deforming
the field equations.
γabψab = −
1
9Φ+O(ψ
3),
γbψab =
1
2Φa −
1
18γaΦ+O(ψ
3),
γcDcψab =
1
4γ
eγcdψeRabcd − γ
cψ[aRb]c −D[aΦb] −
1
9γ[aDb]Φ+O(ψ
3), (2.16)
Dbψab =
1
4γ
cdψbRabcd −
1
2Rab(γ
bcψc − ψ
b)− 14Rψa
+ 12γ
bDbΦa +
1
18γabD
bΦ+O(ψ3),
where we defined
Φa = E(ψ)a + 14F
aijkγijψk +
1
48Fijklγ
aijklmψm,
Φ = γaΦ
a. (2.17)
Note that all indices are local Lorentz ones and we neglect the torsion parts. The Ricci tensor,
the scalar curvature, the vector Φa and the scalar Φ are proportional to the field equations
8
E(e)aµ or E(ψ)
a when the four-form field strengths are neglected. Thus up to the field equations,
we obtain the following relations.
γcDcψab ∼
1
4γ
eγcdψeRabcd,
Dbψab ∼
1
4γ
cdψbRabcd. (2.18)
The parts which depend only on the field equation of the Majorana gravitino are given by
γcDcψab ∼
(
− ηd[aηb]c +
1
9ηd[aγb]γc
)
DdE(ψ)c,
Dbψab ∼
1
2
(
ηacγb +
1
9γabγc
)
DbE(ψ)c. (2.19)
These relations will often be used to evaluate variations of the higher derivative corrections.
3 Higher Derivative Corrections : An Overview
Since the higher derivative corrections to the supergravity are too complicated, before discussing
details, let us have an overview of the construction of the higher derivative effective action. The
explicit forms of the ansatz for the action and the variations under the local supersymmetry
will be explained in the next section.
Let us consider the ansatz for the higher derivative corrections to the supergravity. Since
there are so many ways to contract indices, in general we have enormous terms in the action.
Of course such situation is not suitable to apply the Noether method, and we should make the
ansatz for the action as simple as possible.
First of all we restrict ourselves to investigate leading order corrections to the supergravity
which start from the order of ℓ6p.
L = L0 + ℓ
6
pL1. (3.1)
Here ℓp is the unit length in eleven dimensions, and the field contents are the vielbein, the
Majorana gravitino and the 3-form potential. The assumption that the leading corrections
start from the order of ℓ6p is consistent with the duality between the M-theory and the type IIA
superstring theory. For the IIA superstring theory the leading corrections are obtained from the
scattering amplitude of closed strings, and contain quartic terms of the Riemann tensor, ℓ6sR
4.
Here ℓs is the string length and related to the unit length of the 11 dimensions as ℓp = g
1/3
s ℓs.
Now let us consider the field redefinitions of
eµa → e
′µ
a = e
µ
a + ℓ
6
p∆e
µ
a,
ψµ → ψ
′
µ = ψµ + ℓ
6
p∆ψµ, (3.2)
Aµνρ → A
′
µνρ = Aµνρ + ℓ
6
p∆Aµνρ.
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Then the Lagrangian changes like
L → L′ = L0 + ℓ
6
p
{
L1 + e∆e
µ
aE(e)
a
µ + e∆ψ¯µE(ψ)
µ + e∆AµνρE(A)
µνρ
}
+O(ℓ12p ), (3.3)
where E(e)aµ, E(ψ)
µ and E(A)µνρ are the field equations for eµa, ψµ and Aµνρ, respectively.
This means that the higher derivative terms which depend on the field equations of the super-
gravity can be removed by the appropriate field redefinitions[27]. Thus in order to make the
ansatz as simple as possible, we only consider the higher derivative terms which are independent
of the field equations.
The supersymmetric transformation rules for the fields should also be modified from the
order of the ℓ6p.
δeµa = δ0e
µ
a + ℓ
6
pδ1e
µ
a,
δψµ = δ0ψµ + ℓ
6
pδ1ψµ, (3.4)
δAµνρ = δ0Aµνρ + ℓ
6
pδ1Aµνρ.
Then the variation of the Lagrangian (3.1) under the supersymmetric transformations (3.4) is
expressed as
δL = δ0L0 + ℓ
6
p
{
δ0L1 + eδ1e
µ
aE(e)
a
µ + eδ1ψ¯µE(ψ)
µ + eδ1AµνρE(A)
µνρ
}
+O(ℓ12p )
= δ0L0 + ℓ
6
p
{
V + e(Xaµ + δ1e
µ
a)E(e)
a
µ + e(X¯µ + δ1ψ¯µ)E(ψ)
µ (3.5)
+ e(Xµνρ + δ1Aµνρ)E(A)
µνρ
}
+O(ℓ12p ),
where V is the variations of the higher derivative terms which are independent of the field
equations,
V = δ0L1 − eX
µ
aE(e)
a
µ − eX¯µE(ψ)
µ − eXµνρE(A)
µνρ. (3.6)
The cancellation of the leading term, i.e., the supergravity part is just checked in the previous
section. Note that, though the higher derivative terms in the ansatz are independent of the
field equations, generally their variations under the local supersymmetry depend on them. So
the variations in δ0L1 can be decomposed into the terms V which are independent of the field
equations and the other terms which depend on them.
The order of the ℓ6p part in the second line should vanish under the requirement of the local
supersymmetry. Thus we have the following conditions:
V = 0, (3.7)
δ1e
µ
a = −X
a
µ, δ1ψµ = −Xµ, δ1Aµνρ = −Xµνρ. (3.8)
The first line is used to determine the coefficients of the higher derivative terms in L1. The
second line gives the modifications of supersymmetric transformation rules.
10
4 Higher Derivative Corrections : Details
4.1 The Ansatz for the Higher Derivative Terms
In this paper we take up the cancellation of variations via the local supersymmetry which are
linearly dependent on the Majorana gravitino and independent of the 3-from potential. This
means that the ansatz for the higher derivative effective action is made out of the terms which
are linearly dependent on the 3-form potential or the bilinear of the Majorana gravitino at
most. (In the case of the supergravity, this corresponds to consider the variation of [eRǫ¯ψ] and
the ansatz of L[eR] and L[eψ¯ψ(2)].)
Since the building blocks for the ansatz are Rabµν = [L]
−2, Fµνρσ = [L]
−1, Dµ = [L]
−1 and
ψ¯µγ
ρ1···ρnψν = [L]
−1 and the integrand of the higher derivative effective action should have the
length dimension of [L]−8, the possible forms of the ansatz are given by
L[eR4], L[eǫ11AR
4], L[eD2R3], L[eD4R2], L[eD6R],
L[eDR3ψ¯ψ], L[eD3R2ψ¯ψ], L[eD5Rψ¯ψ], L[eD7ψ¯ψ], (4.1)
where the covariant derivatives for the local Lorentz indices act on the Riemann tensor or the
Majorana gravitino. Note that the linear terms of the four-form field strength are dropped by
imposing the parity invariance. The Chern-Simons like terms are included, however.
The ansatz (4.1) is quite general but contains so many terms. In order to apply the Noether
method it is necessary to reduce the number of terms in practice. One way is to classify the
variations of the ansatz under the number of the covariant derivatives. Let us restrict the
ansatz to those whose variations contain one covariant derivative explicitly at most. First the
transformation rules for the vielbein, the three-form potential and the Riemann tensor are given
by δ0e ∼ [ǫ¯ψ], δ0A ∼ [ǫ¯ψ] and δ0R ∼ [Rǫ¯ψ]⊕ [D(ǫ¯ψ(2))], so in the first line of the ansatz (4.1),
L[eR4], L[eǫ11AR
4], (4.2)
are the parts whose variations have one covariant derivative at most. Next the transformation
rules for the Majorana gravitino and its field strength are estimated as δ0ψ ∼ [Dǫ] and δ0ψ(2) ∼
[Rǫ], so in the second line of the ansatz (4.1), the forms of
L[eR3ψ¯ψ(2)], L[eR
2ψ¯(2)Dψ(2)], (L[eRDRψ¯(2)ψ(2)]), (4.3)
contain one covariant derivative at most after the supersymmetric variations. Of course, there
is no guarantee that the supersymmetric transformations cancel completely among (4.2) and
(4.3). As we will see later, however, it is enough to take account of this ansatz to close the
supersymmetry cancellation whose variations are linearly dependent on the Majorana gravitino
and independent of the 3-from potential.
In this paper we neglect the third part in the ansatz (4.3). There is no reason to drop this
part at this stage, but the result is that this part does not contribute to cancel the variations
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of the ansatz (4.2). Therefore we only consider the first two parts in the ansatz (4.3). Note
that this ansatz is also employed in the ref. [15] where the ansatz is obtained by estimating the
scattering amplitude of four or five massless closed strings.
4.1.1 L[eR4] terms
The L[eR4] part represents the quartic terms of the Riemann tensor. Note that the terms which
include Ricci tensor and the scalar curvature are removed by using the field redefinition (3.3),
so the L[eR4] part consists of only the Riemann tensors Rabµν(ω). It seems that there are many
ways of contractions, but by using the antisymmetry Rabcd = −Rbacd = −Rabdc, the symmetry
Rabcd = Rcdab and the cyclicity Ra[bcd] = 0, the L[eR
4] part can eventually be expanded by 7
terms. (See an eq. (4.6) below.)
The above argument is only for purely bosonic case. Now we replace the spin connection ω
to the supercovariant spin connection ωˆ. That is, the Riemann tensor is defined by using this
supercovariant spin connection ωˆ(e, ψ) as
Rˆabµν(ωˆ) = ∂µωˆν
ab − ∂νωˆµ
ab + ωˆµ
a
cωˆν
cb − ωˆν
a
cωˆµ
cb. (4.4)
Thus the L[eR4] part includes the bilinear terms of the Majorana gravitino through the spin
connection ωˆ. This operation is often used to check the cancellation of the supersymmetric
variations of the higher derivative corrections[11]. The variation of the supercovariant spin
connection does not include the derivative of the supersymmetric parameter, and the cancel-
lation mechanism becomes similar to that of the supergravity coupled to non-abelian gauge
field[11, 12, 15].
The Rˆabcd only hold the antisymmetry property, and the terms in L[eR
4] are expanded by
more than seven terms. Since there are so many ways to contract the indices, we employ the
computer programming. As a result, the terms in L[eR4] are expanded by 13 terms whose
variations are completely independent.
L[eR4] = +b11eRˆabcdRˆabcdRˆefghRˆefgh + b
1
2eRˆabcdRˆagfhRˆbecdRˆefgh
+ b13eRˆabcdRˆabdhRˆefcgRˆefgh + b
1
4eRˆabcdRˆaedgRˆbcfhRˆefgh
+ b15eRˆabcdRˆagdhRˆbcef Rˆefgh + b
1
6eRˆabcdRˆahdf RˆbecgRˆefgh
+ b17eRˆabcf RˆadghRˆbdceRˆefgh + b
1
8eRˆabchRˆadef RˆbdcgRˆefgh (4.5)
+ b19eRˆabchRˆaedgRˆbdcf Rˆefgh + b
1
10eRˆabchRˆaedf RˆbcdgRˆefgh
+ b111eRˆabchRˆabdgRˆcedf Rˆefgh + b
1
12eRˆadghRˆafbcRˆdebcRˆefgh
+ b113eRˆabchRˆagdeRˆbdcf Rˆefgh.
When the torsion terms are neglected, because of the symmetry and the cyclicity of the Riemann
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tensor, 13 terms of L[eR4] are redundant and classified by purely bosonic 7 terms as
L[eR4]pure =+ eRabcdRabcdRefghRefgh × (b
1
1) A1
+ eRabcdRabceRdfghRefgh × (−
1
2b
1
2 + b
1
3) A2
+ eRabcdRabefRcdghRefgh × (−
1
8b
1
4 −
1
4b
1
5 +
1
8b
1
6) A3
+ eRabcdRaecgRbfdhRefgh × (−b
1
6) A6 (4.6)
+ eRabceRabdgRcfdhRefgh × (b
1
7 + b
1
8 +
1
2b
1
9) A5
+ eRabceRabdfRcdghRefgh × (
1
4b
1
10 −
1
2b
1
11 − b
1
12) A4
+ eRabceRadcgRbfdhRefgh × (−b
1
9 − b
1
13). A7
The notations A1, · · · , A7 on the right hand side are those used in ref. [12].
4.1.2 L[eǫ11AR
4] terms
Let us consider the ansatz of the L[eǫ11AR
4] part. Since the 3-form potential is odd un-
der the flip of the 11th coordinate, the ansatz should be accompanied with the antisym-
metric tensor as ǫµ1µ2µ3µ4···µ1111 Aµ1µ2µ3 . The remaining 8 indices µ4, · · · , µ11 are completely
antisymmetric and should be contracted with the 4 Riemann tensors. The way of the
contraction is unique because of the cyclicity of the Riemann tensor, and is written as
ǫµ1···µ1111 Aµ1µ2µ3R µ4µ5R µ6µ7R µ8µ9R µ10µ11 .
The remaining work is to insert the indices a, b, c and d into the 4 Riemann tensors which
are contracted by the flat metric. There are two possibilities.
L[eǫ11AR
4] = −16b
2
1eǫ
µ1···µ11
11 Aµ1µ2µ3Rabµ4µ5Rabµ6µ7Rcdµ8µ9Rcdµ10µ11 (4.7)
− 16b
2
2eǫ
µ1···µ11
11 Aµ1µ2µ3Rabµ4µ5Rbcµ6µ7Rcdµ8µ9Rdaµ10µ11 .
It is known that a linear combination of these terms are required to cancel the gravitational
anomaly on a M5-brane. So these two terms are topological and can be expressed by using the
forms as A ∧ tr(R2) ∧ tr(R2) and A ∧ tr(R4). Notice that the torsion of the Riemann tensor in
L[eǫ11AR
4] are neglected since we consider the cancellation of the order of O(A0, ψ).
4.1.3 L[eR3ψ¯ψ(2)] terms
Here we write down the bilinear terms of the Majorana gravitino which are in the category of
L[eR3ψ¯ψ(2)].
First of all let us classify the types of [ψ¯ψ(2)]. Since all indices are contracted, the total
number of the indices is even and the number of the indices for [ψ¯ψ(2)] is also even. Then the
number of the indices for the gamma matrix should be odd and the types of [ψ¯ψ(2)] are classified
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as
[ψ¯ψ(2)] ∼ ψ¯hγfψgh ⊕ ψ¯iγefgψhi ⊕ ψ¯jγdefghψij⊕
ψ¯gγefgψhi ⊕ ψ¯hγdefghψij ⊕ ψ¯iγcdefghiψjk⊕ (4.8)
ψ¯kγlψij ⊕ ψ¯kγlmnψij ⊕ ψ¯kγlmnopψij .
In the first line or the second line the index of the gravitino is contracted with one of the
indices of the gravitino field strength or the gamma matrix, and in the third line no indices
are contracted. There are several remarks at this stage. First because of the cyclicity of the
Riemann tensor, the number of the uncontracted indices of the gamma matrix should be less
than seven. Second, as argued before, the terms of ψ¯iγjψjk are neglected because these are
expressed by using field equations. Third the term of ψ¯iγiψjk is dropped since there are no
cubic terms of the Riemann tensor whose uncontracted two indices are antisymmetric.
The types of [R3] are classified by the positions of the contracted indices. As an example, let
us consider a cubic term R cR b dR bcd where b, c and d are the contracted indices and blanks
are arbitrary. This term is classified by the positions of the contracted indices as {1, 2, 3}{1, 2}.
The {1, 2, 3} shows that the number of the contracted indices in each Riemann tensor. That is,
the first Riemann tensor contains one contracted index, the second does two and the third does
three. The contracted index c is contained in the first and the third Riemann tensor, so the
numbers (1, 3) are assigned for this index. Similarly for the indices b and d, the numbers (2, 3)
are assigned, and totally this example has the numbers of (1, 3)1(2, 3)2. The {1, 2} represents
the numbers of the powers of (1, 3)1 and (2, 3)2. The numbers are aligned in order of rising.
Thus the example R cR b dR bcd is classified by the numbers of {1, 2, 3}{1, 2} which are not
affected by the properties of the Riemann tensor. The types of [R3] are classified in this way
and the complete list is given in the appendix C. The result there is checked both by hand and
by the computer programming independently.
The independent terms of L[eR3ψ¯ψ(2)] are obtained by inserting the uncontracted indices of
[ψ¯ψ(2)] into the blanks of [R
3]. It is useful to classify these terms by the positions of the uncon-
tracted indices of [ψ¯ψ(2)] in the [R
3]. For instance, the term eRalbiRakcdRbjcdψ¯kγlψij is assigned
new numbers of {10, 11, 100}. The meaning of these numbers are as follows. For each index of
the Majorana gravitino, the gamma matrix and the gravitino field strength, the number 100, 1
and 10 is assigned respectively. The first Riemann tensor of this example has the number 11, the
second does 100 and the third does 10, and these numbers are aligned in order of rising. Thus
the term eRalbiRakcdRbjcdψ¯kγlψij is classified by the numbers of {2, 3, 3}{1, 1, 2}{10, 11, 100},
which are not affected by the properties of the Riemann tensor, the gamma matrix and the
gravitino field strength.
By using the numbers discussed above it is almost possible to classify the terms of
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L[eR3ψ¯ψ(2)], and the explicit expression is given by
L[eR3ψ¯ψ(2)] =
+ (f11RafbgRacdeRbcde + f
1
2RafbcRagdeRbcde + f
1
3RbfadRcgaeRbcde)eψ¯hγfψgh
+ (f14RklijRabcdRabcd + f
1
5RklaiRbjcdRabcd + f
1
6RkialRbjcdRabcd
+ f17RijakRblcdRabcd + f
1
8RijalRbkcdRabcd + f
1
9RklabRijcdRabcd
+ f110RkiabRljcdRabcd + f
1
11RklabRaicdRbjcd + f
1
12RkiabRalcdRbjcd
+ f113RliabRakcdRbjcd + f
1
14RijabRakcdRblcd + f
1
15RklacRbiadRbjcd
+ f116RkiacRbladRbjcd + f
1
17RliacRbkadRbjcd + f
1
18RijacRbkadRblcd
+ f119RakciRbldjRabcd + f
1
20RakciRbladRbjcd + f
1
21RalciRbkadRbjcd
+ f122RakbiRalcdRbjcd + f
1
23RalbiRakcdRbjcd)eψ¯kγlψij
+ (f124RefhiRabcdRabcd + f
1
25RefahRbicdRabcd + f
1
26RhiaeRbfcdRabcd
+ f127RefabRhicdRabcd + f
1
28RehabRficdRabcd + f
1
29RefabRahcdRbicd
+ f130RehabRafcdRbicd + f
1
31RhiabRaecdRbfcd + f
1
32RefacRbhadRbicd
+ f133RehacRbfadRbicd + f
1
34RhiacRbeadRbfcd + f
1
35RaechRbfdiRabcd
+ f136RaechRbfadRbicd + f
1
37RaebhRfacdRibcd)eψ¯gγefgψhi (4.9)
+ (f138RefahRbgcdRabcd + f
1
39RefabRghcdRabcd + f
1
40RefabRagcdRbhcd
+ f141RehabRafcdRbgcd + f
1
42RefacRbgadRbhcd + f
1
43RehacRbfadRbgcd)eψ¯iγefgψhi
+ (f144RkilmRanbcRajbc + f
1
45RlmijRakbcRanbc + f
1
46RlmakRijbcRanbc
+ f147RlmakRnibcRajbc + f
1
48RlmaiRknbcRajbc + f
1
49RlmaiRnjbcRakbc
+ f150RlmaiRkjbcRanbc + f
1
51RklaiRmnbcRajbc + f
1
52RklaiRmjbcRanbc
+ f153RliakRmnbcRajbc + f
1
54RliakRmjbcRanbc + f
1
55RijalRkmbcRanbc
+ f156RijalRmnbcRakbc + f
1
57RijakRlmbcRanbc + f
1
58RlmbkRanciRajbc
+ f159RlmbiRakcnRajbc + f
1
60RlmbiRancjRakbc + f
1
61RlmbiRakcjRanbc
+ f162RklbiRajcmRanbc + f
1
63RlibkRajcmRanbc + f
1
64RijblRakcmRanbc
+ f165RklabRmnacRijbc + f
1
66RkiabRlmacRnjbc + f
1
67RlmabRijacRbkcn
+ f168RliabRmjacRbkcn + f
1
69RlmabRniacRbkcj + f
1
70RlmabRkiacRbncj
+ f171RklabRmiacRbncj + f
1
72RlmabRckaiRbncj + f
1
73RliabRckamRbncj
+ f174RakblRcmaiRbncj)eψ¯kγlmnψij
+ (f175RdeaiRfgbcRahbc + f
1
76RdeabRfgacRbhci)eψ¯jγdefghψij
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+ (f177RdeaiRfgbcRajbc + f
1
78RijadRefbcRagbc + f
1
79RdeaiRfjbcRagbc
+ f180RdebiRafcjRagbc + f
1
81RdeabRfiacRbgcj)eψ¯hγdefghψij
+ (f182RlmkiRnoabRpjab + f
1
83RklijRmnabRopab + f
1
84RlmijRknabRopab
+ f185RlmaiRnobjRkpab + f
1
86RlmakRijbnRopab + f
1
87RliakRmnbjRopab
+ f188RklaiRmnbjRopab + f
1
89RlmakRnobiRpjab + f
1
90RlmakRnobiRapbj)eψ¯kγlmnopψij
+ (f191RcdjkRefabRghab + f
1
92RcdajRefbkRghab)eψ¯iγcdefghiψjk.
Thus there are 92 terms for L[eR3ψ¯ψ(2)]. This result is obtained both by hand and by the
computer programming independently. Note that this expression is also obtained in ref. [13].
4.1.4 L[eR2ψ¯(2)Dψ(2)] terms
We write down the bilinear terms of the Majorana gravitino which are in the category of
L[eR2ψ¯(2)Dψ(2)].
First of all let us classify the types of [ψ¯(2)Dψ(2)]. Since all indices are contracted, the total
number of the indices is even and the number of the indices for [ψ¯(2)Dψ(2)] is also even. Then
the number of the indices for the gamma matrix should be odd and the types of [ψ¯(2)Dψ(2)] are
classified as
[ψ¯(2)Dψ(2)] ∼ ψ¯mnγjDiψmn ⊕ ψ¯mnγjklDiψmn
ψ¯mnγjDiψon ⊕ ψ¯mpγjklDiψop (4.10)
ψ¯mnγjDiψop ⊕ ψ¯mnγjklDiψop.
In the first line four indices of the gravitino field strengths are contracted. In the second line
two indices of the gravitino field strengths are contracted, and in the third line no indices are
contracted. There are several remarks at this stage. First the indices of the gamma matrix are
all uncontracted with the indices of the gravitino field strength and the covariant derivative. As
discussed before, the terms whose indices of the gamma matrix are contracted can be expressed
by using field equations and neglected in the ansatz. Second because of the cyclicity and the
Bianchi identity of the Riemann tensor, the number of the indices for the gamma matrix should
be less than five. Third it is always possible to make the index of the covariant derivative
uncontracted with the indices of the gravitino field strength by using the relation of D[cψab] ∼
1
4Rde[abγ
deψc]. For example, ψ¯ikγjDiψkl = −
1
2 ψ¯ikγjDlψik+
3
8Rde[ikψ¯
ikγjγdeψl], where the second
term is already included in the category of L[eR3ψ¯ψ(2)].
The types of [R2] are classified by the positions of the contracted indices. As an example, let
us consider a quadratic term R bcdR bcd where b, c and d are the contracted indices and blanks
are arbitrary. This term is classified by the positions of the contracted indices as {3, 3}{3}.
The {3, 3} shows that the number of the contracted indices in each Riemann tensor. That is,
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the first and the second Riemann tensor contains three contracted indices, respectively. The
contracted index b is contained in the first and the second Riemann tensor, so the numbers (1, 2)
are assigned for this index. Similarly for the indices c and d, the numbers (1, 2) are assigned,
and totally this example has the numbers of (1, 2)3. The {3} represents the number of the power
of (1, 2)3. The numbers are aligned in order of rising. Thus the example R bcdR bcd is classified
by the numbers of {3, 3}{3} which are not affected by the properties of the Riemann tensor.
The types of [R2] are classified in this way and the complete list is given in the appendix C.
The result there is checked both by hand and by the computer programming independently.
The independent terms of L[eR2ψ¯(2)Dψ(2)] are obtained by inserting the uncontracted
indices of [ψ¯(2)Dψ(2)] into the blanks of [R
2]. It is useful to classify these terms by the
positions of the uncontracted indices of [ψ¯(2)Dψ(2)] in the [R
2]. For instance, the term
eRiaobRmajbψ¯mnγjDiψon is assigned new numbers of {20, 101}. The meaning of these num-
bers are as follows. For each index of the first gravitino field strength and the gamma matrix,
the number 100 and 1 is assigned respectively. And for each index of the covariant derivative
and the second gravitino field strength, the number 10 is assigned. Note that the same number
is assigned both for the covariant derivative and the second gravitino field strength because of
the relation D[cψab] ∼
1
4Rde[abγ
deψc]. The first Riemann tensor of this example has the num-
ber 20 and the second does 101, and these numbers are aligned in order of rising. Thus the
term eRiaobRmajbψ¯mnγjDiψon is classified by the numbers of {2, 2}{2}{20, 101}, which are not
affected by the properties of the Riemann tensor, the gamma matrix and the gravitino field
strength.
By using the numbers discussed above it is almost possible to classify the terms of
L[eR2ψ¯(2)Dψ(2)], and the explicit expression is given by
L[eR2ψ¯(2)Dψ(2)] =
+ (f21RijmaRopna + f
2
2RijoaRmnpa + f
2
3RimjaRopna + f
2
4RiojaRmnpa
+ f25RimoaRjnpa + f
2
6RimoaRjpna + f
2
7RiopaRjmna)eψ¯mnγjDiψop
+ (f28RiajbRmaob + f
2
9RiajbRoamb + f
2
10RiambRjaob + f
2
11RiaobRjamb
+ f212RiambRoajb + f
2
13RiaobRmajb)eψ¯mnγjDiψon
+ f214RiabcRjabc eψ¯mnγjDiψmn (4.11)
+ (f215RijkmRlnop + f
2
16RijkoRlpmn + f
2
17RimjoRklnp + f
2
18RiojpRklmn)eψ¯mnγjklDiψop
+ (f219RijkaRlmoa + f
2
20RijkaRloma + f
2
21RijmaRkloa + f
2
22RijoaRklma
+ f223RimjaRkloa + f
2
24RiojaRklma)eψ¯mpγjklDiψop
+ f225RiajbRkalb eψ¯mnγjklDiψmn
Thus there are 25 terms for L[eR2ψ¯(2)Dψ(2)]. This result is obtained both by hand and by the
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computer programming independently.
4.2 The Bases for the Variations
Now let us turn our attention to the variations of the ansatz. In this subsection we write down
all independent terms of the variations, and in next subsection we will expand the variations of
the ansatz in terms of these bases.
Since we are interested in the cancellation of the terms which are linear to the Majorana
gravitino and independent of the 3-form potential, the relevant supersymmetric transformation
rules of the fields are roughly expressed as
δ0e ∼ [ǫ¯ψ],
δ0R ∼ [Rǫ¯ψ]⊕ [D(ǫ¯ψ(2))],
δ0A ∼ [ǫ¯ψ], (4.12)
δ0ψ ∼ [Dǫ],
δ0ψ(2) ∼ [Rǫ].
Then the variations of the ansatz δL[eR4], δL[eǫ11AR
4], δL[eR3ψ¯ψ(2)] and δL[eR
2ψ¯(2)Dψ(2)],
which are linear to the Majorana gravitino and independent of the 3-form potential, are sketched
as follows:
δL[eR4] ∼ V [eR4ǫ¯ψ]⊕V [eR2DRǫ¯ψ(2)],
δL[eǫ11AR
4] ∼ V [eR4ǫ¯ψ],
δL[eR3ψ¯ψ(2)] ∼ V [eR
4ǫ¯ψ]⊕V [eR2DRǫ¯ψ(2)]⊕V [eR
3ǫ¯Dψ(2)], (4.13)
δL[eR2ψ¯(2)Dψ(2)] ∼ V [eR
2DRǫ¯ψ(2)]⊕V [eR
3ǫ¯Dψ(2)],
0 ∼ V [eR4ǫ¯ψ]⊕ V [eR3ǫ¯Dψ(2)].
As we will see soon, there are 116 bases for V [eR4ǫ¯ψ], 88 bases for V [eR2DRǫ¯ψ(2)] and 92 bases
for V [eR3ǫ¯Dψ(2)]. For the last, 60 bases are essentially required and the other 32 terms are
rewritten by the other bases with the aid of the field equations. Note that the first terms
V [eR4ǫ¯ψ] and the third terms V [eR3ǫ¯Dψ(2)] are not independent because of the identity,
D[eψcd] ∼
1
4γ
abψ[eRcd]ab. In fact, by using the computer program we find that there are 20
identities between the first terms and the third terms,
0 =
20∑
i=n
in(V [R
4ǫ¯ψ] + V [R3ǫ¯Dψ(2)])n, (4.14)
where in are arbitrary coefficients. The last line of the eq. (4.13) represents these identities.
Therefore under the local supersymmetric transformations, the variations of the ansatz are
expanded by 264 bases. Now we write down these 264 terms which are obtained both by hand
and by the computer programming independently.
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4.2.1 Bases for V [eR4ǫ¯ψ]
There are 116 bases for V [eR4ǫ¯ψ]. Before giving the explicit expressions we clarify the algorithm
to obtain the result.
First of all let us classify the types of [ǫ¯ψ]. Since all indices are contracted, the total number
of the indices is even and the number of the indices for [ǫ¯ψ] is also even. Then the number of
the indices for the gamma matrix should be odd and the types of [ǫ¯ψ] are classified as
[ǫ¯ψ] ∼ ǫ¯γzψz ⊕ ǫ¯γ
ijzψz ⊕ ǫ¯γ
ijklzψz ⊕ ǫ¯γ
ijklmnopzψz⊕
ǫ¯γiψz ⊕ ǫ¯γijkψz ⊕ ǫ¯γijklmψz ⊕ ǫ¯γijklmnoψz. (4.15)
In the first line the index of the gravitino is contracted with that of the gamma matrix, and in
the second line no indices are contracted. There are two remarks at this stage. First because
of the cyclicity of the Riemann tensor, the number of the uncontracted indices for the gamma
matrix should be less than nine. Second the term [ǫ¯γijklmnzψz] is dropped because there are no
quartic terms of the Riemann tensor whose uncontracted indices are completely antisymmetric.
(This is not obvious but can be checked by referring the appendix C.)
The types of [R4] are classified by the positions of the contracted indices. As an example, let
us consider a quartic term R e fR eafR bcdRabcd where a, b, c, d, e and f are contracted by the
flat metric and blanks are arbitrary. This term is classified by the positions of the contracted
indices as {2, 3, 3, 4}{1, 2, 3}. The {2, 3, 3, 4} shows that the number of the contracted indices
in each Riemann tensor. That is, the first Riemann tensor contains two contracted indices,
the second does three, the third does three and the fourth does four. The contracted index a
is contained in the second and the fourth Riemann tensor, so the numbers (2, 4) are assigned
for this index. In a similar way the numbers (3, 4), (3, 4), (3, 4), (1, 2) and (1, 2) are assigned
for the indices b, c, d, e and f , respectively, and totally this example has the numbers of
(2, 4)1(1, 2)2(3, 4)3. The {1, 2, 3} represents the numbers of the powers of (2, 4)1, (1, 2)2 and
(3, 4)3. The numbers are aligned in order of rising. Thus the example R e fR eafR bcdRabcd is
classified by the numbers of {2, 3, 3, 4}{1, 2, 3} which are not affected by the properties of the
Riemann tensor. The types of [R4] are classified in this way and the complete list is given in
the appendix C. The result there is checked both by hand and by the computer programming
independently.
The independent terms of V [eR4ǫ¯ψ] are obtained by inserting the uncontracted indices
of [ǫ¯ψ] into the blanks of [R4]. It is useful to classify these terms by the positions of the
uncontracted indices of [ǫ¯ψ] in the [R4]. For instance, the term eRijefRkaefRzbcdRabcdǫ¯γ
ijkψz
is assigned new numbers of {0, 1, 2, 10}. The meaning of these numbers are as follows. For
each index of the gamma matrix the number 1 is assigned, and for each index of the Majorana
gravitino the number 10 is assigned. The first Riemann tensor of this example has the number
2, the second does 1, the third does 10 and the fourth does 0, and these numbers are aligned
19
in order of rising. Thus the term eRijefRkaefRzbcdRabcdǫ¯γ
ijkψz is classified by the numbers of
{2, 3, 3, 4}{1, 2, 3}{0, 1, 2, 10}, which are not affected by the properties of the Riemann tensor
and the gamma matrix.
By using the numbers discussed above it is almost possible to classify the terms of V [eR4ǫ¯ψ],
and the explicit expressions for the bases are given by
V 11 = eRabcdRabcdRefghRefghǫ¯γ
zψz, V
1
2 = eRabcdRabceRdfghRefghǫ¯γ
zψz,
V 13 = eRabcdRabefRcdghRefghǫ¯γ
zψz, V
1
4 = eRabcdRaecgRbfdhRefghǫ¯γ
zψz,
V 15 = eRabceRabdgRcfdhRefghǫ¯γ
zψz, V
1
6 = eRabceRabdfRcdghRefghǫ¯γ
zψz,
V 17 = eRabceRadcgRbfdhRefghǫ¯γ
zψz,
V 18 = eRiezfReafbRagcdRbgcdǫ¯γ
iψz, V 19 = eRiezfRegabRfgcdRabcdǫ¯γ
iψz,
V 110 = eRiezfReagbRfcgdRacbdǫ¯γ
iψz, V 111 = eRiefgRzefgRabcdRabcdǫ¯γ
iψz,
V 112 = eRiafgRzbcdReafgRebcdǫ¯γ
iψz, V 113 = eRiaefRzbefRagcdRbgcdǫ¯γ
iψz,
V 114 = eRieafRzebfRagcdRbgcdǫ¯γ
iψz, V 115 = eRiefgRzeabRfgcdRabcdǫ¯γ
iψz,
V 116 = eRifegRzaebRfcgdRacbdǫ¯γ
iψz, V 117 = eRiagbRzdfcReafbRecgdǫ¯γ
iψz ,
V 118 = eRzagbRidfcReafbRecgdǫ¯γ
iψz , V 119 = eRzagbRicfdReafbRecgdǫ¯γ
iψz,
V 120 = eRzbgaRidfcReafbRecgdǫ¯γ
iψz , V 121 = eRiaefRzbegRfgcdRabcdǫ¯γ
iψz,
V 122 = eRiaefRzgebRfgcdRabcdǫ¯γ
iψz, V 123 = eRiaefRzbegRfcgdRacbdǫ¯γ
iψz,
V 124 = eRiaefRzgebRfcgdRacbdǫ¯γ
iψz,
V 125 = eRiafbRjgcdReafgRebcdǫ¯γ
ijzψz, (4.16)
V 126 = eRijzeRkaebRafcdRbfcdǫ¯γ
ijkψz, V 127 = eRijzeRkfabRefcdRabcdǫ¯γ
ijkψz,
V 128 = eRijzeRkafbRecfdRacbdǫ¯γ
ijkψz, V 129 = eRijefRzkefRabcdRabcdǫ¯γ
ijkψz,
V 130 = eRijefRzkabRefcdRabcdǫ¯γ
ijkψz, V 131 = eRijeaRkezbRafcdRbfcdǫ¯γ
ijkψz,
V 132 = eRijeaRzekbRafcdRbfcdǫ¯γ
ijkψz, V 133 = eRijeaRzfkbRefcdRabcdǫ¯γ
ijkψz,
V 134 = eRijeaRzfkbRecfdRacbdǫ¯γ
ijkψz, V 135 = eRijefRzaefRkbcdRabcdǫ¯γ
ijkψz,
V 136 = eRijefRkaefRzbcdRabcdǫ¯γ
ijkψz, V 137 = eRijefRzeabRkfcdRabcdǫ¯γ
ijkψz,
V 138 = eRijefRzaebRkcfdRacbdǫ¯γ
ijkψz, V 139 = eRijabRzcefRkdefRabcdǫ¯γ
ijkψz,
V 140 = eRijabRzecfRkedfRabcdǫ¯γ
ijkψz , V 141 = eRijeaRzfbeRkfcdRabcdǫ¯γ
ijkψz,
V 142 = eRijeaRkfbeRzfcdRabcdǫ¯γ
ijkψz, V 143 = eRijeaRzebfRkcfdRacbdǫ¯γ
ijkψz,
V 144 = eRijeaRkebfRzcfdRacbdǫ¯γ
ijkψz, V 145 = eRijeaRzfbeRkcfdRacbdǫ¯γ
ijkψz,
V 146 = eRijeaRkfbeRzcfdRacbdǫ¯γ
ijkψz, V 147 = eRijeaRzebfRkfcdRabcdǫ¯γ
ijkψz,
V 148 = eRijeaRkebfRzfcdRabcdǫ¯γ
ijkψz, V 149 = eRzeifRjeafRkbcdRabcdǫ¯γ
ijkψz,
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V 150 = eRiezfRjeafRkbcdRabcdǫ¯γ
ijkψz, V 151 = eRiezfRjeabRkfcdRabcdǫ¯γ
ijkψz ,
V 152 = eRzeifRjaebRkcfdRacbdǫ¯γ
ijkψz, V 153 = eRzaibRjcefRkdefRacbdǫ¯γ
ijkψz ,
V 154 = eRzaibRjecfRkedfRacbdǫ¯γ
ijkψz, V 155 = eRzeiaRjfbeRkfcdRabcdǫ¯γ
ijkψz ,
V 156 = eRiezaRjfbeRkfcdRabcdǫ¯γ
ijkψz, V 157 = eRzeiaRjebfRkcfdRacbdǫ¯γ
ijkψz ,
V 158 = eRiezaRjebfRkcfdRacbdǫ¯γ
ijkψz, V 159 = eRzeiaRjfbeRkcfdRacbdǫ¯γ
ijkψz ,
V 160 = eRiezaRjfbeRkcfdRacbdǫ¯γ
ijkψz, V 161 = eRzeiaRjebfRkfcdRabcdǫ¯γ
ijkψz ,
V 162 = eRiezaRjebfRkfcdRabcdǫ¯γ
ijkψz, V 163 = eRzeabRifabRjecdRkfcdǫ¯γ
ijkψz ,
V 164 = eRzaebRiafbRjecdRkfcdǫ¯γ
ijkψz, V 165 = eRiaebRjafbRzecdRkfcdǫ¯γ
ijkψz ,
V 166 = eRzaebRiafbRjcedRkcfdǫ¯γ
ijkψz, V 167 = eRzaecRibedRjafbRkcfdǫ¯γ
ijkψz ,
V 168 = eRzaecRibedRjdfaRkbfcǫ¯γ
ijkψz,
V 169 = eRijefRklefRabcdRabcdǫ¯γ
ijklzψz, V
1
70 = eRijefRklabRefcdRabcdǫ¯γ
ijklzψz,
V 171 = eRijeaRklebRafcdRbfcdǫ¯γ
ijklzψz, V
1
72 = eRijeaRklfbRefcdRabcdǫ¯γ
ijklzψz,
V 173 = eRijeaRklfbRecfdRacbdǫ¯γ
ijklzψz, V
1
74 = eRijefRkaefRlbcdRabcdǫ¯γ
ijklzψz,
V 175 = eRijefRkeabRlfcdRabcdǫ¯γ
ijklzψz, V
1
76 = eRijefRkaebRlcfdRacbdǫ¯γ
ijklzψz,
V 177 = eRijabRkcefRldefRabcdǫ¯γ
ijklzψz, V
1
78 = eRijabRkecfRledfRabcdǫ¯γ
ijklzψz,
V 179 = eRijeaRkebfRlcfdRacbdǫ¯γ
ijklzψz, V
1
80 = eRijeaRkfbeRlcfdRacbdǫ¯γ
ijklzψz,
V 181 = eRijeaRkebfRlfcdRabcdǫ¯γ
ijklzψz, V
1
82 = eRijeaRkfbeRlfcdRabcdǫ¯γ
ijklzψz,
V 183 = eRieabRjfabRkecdRlfcdǫ¯γ
ijklzψz, V
1
84 = eRiaebRjafbRkecdRlfcdǫ¯γ
ijklzψz,
V 185 = eRiaebRjafbRkcedRlcfdǫ¯γ
ijklzψz,
V 186 = eRijzeRkleaRmbcdRabcdǫ¯γ
ijklmψz, V 187 = eRijzeRklabRmecdRabcdǫ¯γ
ijklmψz ,
V 188 = eRijzaRklebRmecdRabcdǫ¯γ
ijklmψz, V 189 = eRijzaRklebRmcedRacbdǫ¯γ
ijklmψz ,
V 190 = eRzeiaRjkebRlmcdRabcdǫ¯γ
ijklmψz, V 191 = eRiezaRjkebRlmcdRabcdǫ¯γ
ijklmψz ,
V 192 = eRijeaRklebRmczdRacbdǫ¯γ
ijklmψz, V 193 = eRijzeRkaebRlacdRmbcdǫ¯γ
ijklmψz ,
V 194 = eRijzeRkaebRlcadRmcbdǫ¯γ
ijklmψz, V 195 = eRzaibRjkcdRlaebRmcedǫ¯γ
ijklmψz ,
V 196 = eRiazbRjkcdRlaebRmcedǫ¯γ
ijklmψz, V 197 = eRzeiaRjkebRlcadRmcbdǫ¯γ
ijklmψz ,
V 198 = eRiezaRjkebRlcadRmcbdǫ¯γ
ijklmψz, V 199 = eRzeiaRjkebRlacdRmbcdǫ¯γ
ijklmψz ,
V 1100 = eRiezaRjkebRlacdRmbcdǫ¯γ
ijklmψz, V 1101 = eRzaicRjkbdRlaebRmcedǫ¯γ
ijklmψz ,
V 1102 = eRiajcRzbkdRlaebRmcedǫ¯γ
ijklmψz, V 1103 = eRzaidRjkbcRlaebRmcedǫ¯γ
ijklmψz ,
V 1104 = eRiazdRjkbcRlaebRmcedǫ¯γ
ijklmψz, V 1105 = eRijeaRkleaRmbcdRzbcdǫ¯γ
ijklmψz ,
V 1106 = eRijabRklcdRmeabRzcedǫ¯γ
ijklmψz, V 1107 = eRijeaRklebRmcadRzcbdǫ¯γ
ijklmψz ,
V 1108 = eRijeaRklebRmacdRzbcdǫ¯γ
ijklmψz, V 1109 = eRijacRklbdRmaebRzcedǫ¯γ
ijklmψz ,
V 1110 = eRijadRklbcRmaebRzcedǫ¯γ
ijklmψz,
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V 1111 = eRijzaRklacRmnbdRobcdǫ¯γ
ijklmnoψz, V 1112 = eRijzcRklabRmnadRobcdǫ¯γ
ijklmnoψz,
V 1113 = eRijabRklabRmncdRozcdǫ¯γ
ijklmnoψz, V 1114 = eRijabRklacRmnbdRoczdǫ¯γ
ijklmnoψz,
V 1115 = eRijabRklabRmncdRopcdǫ¯γ
ijklmnopzψz, V
1
116 = eRijabRklacRmnbdRopcdǫ¯γ
ijklmnopzψz.
Thus there are 116 bases for V [eR4ǫ¯ψ]. This result is obtained both by hand and by the
computer programming independently.
4.2.2 Bases for V [eR2DRǫ¯ψ(2)]
There are 88 bases for V [eR2DRǫ¯ψ(2)]. Before giving the explicit expressions we clarify the
algorithm to obtain the result.
First of all let us classify the types of [ǫ¯ψ(2)]. Since all indices are contracted, the total
number of the indices is even and the number of the indices for [ǫ¯ψ(2)] is odd. Then the number
of the indices for the gamma matrix should be odd and the types of [ǫ¯ψ(2)] are classified as
[ǫ¯ψ(2)] ∼ ǫ¯γ
kψij ⊕ ǫ¯γklmψij ⊕ ǫ¯γklmnoψij . (4.17)
There are two remarks on this classification. First of all since the ansatz does not contain the
terms which depend on the field equations, as a result the variations of V [eR2DRǫ¯ψ(2)] do not
contain the terms which depend on the field equations as well. So we only take into account of
the indices which are all uncontracted. Second because of the cyclicity and the Bianchi identity
of the Riemann tensor, the number of the uncontracted indices for the gamma matrix should
be less than seven.
The types of [R2DR] are classified by the positions of the contracted indices. As an example,
let us consider a quartic term R c dR cbdDbR , where b, c and d are contracted by the flat
metric and blanks are arbitrary. This term is classified by the positions of the contracted
indices as {2, 3, 1}{1, 2}. The numbers of 2 and 3 in {2, 3, 1} represent the numbers of the
contracted indices in the first and the second Riemann tensor, respectively. The last number 1
in {2, 3, 1} represents the number of the contracted indices in the covariant derivative and the
third Riemann tensor, because the indices of the covariant derivative and the third Riemann
tensor can be exchanged by using the Bianchi identity of the Riemann tensor. Thus the index of
the covariant derivative is grouped into the position of the third Riemann tensor. The contracted
index b is contained in the second Riemann tensor and the third position, so the numbers (2, 3)
are assigned for this index. In a similar way the numbers (1, 2) are assigned both for the indices
c and d, and totally this example has the numbers of (2, 3)1(1, 2)2. The {1, 2} represents the
numbers of the powers of (2, 3)1 and (1, 2)2, where the numbers are aligned in order of rising.
Thus the example, R c dR cbdDbR , is classified by the numbers of {2, 3, 1}{1, 2} which are
not affected by the properties of the Riemann tensor. The types of [R2DR] are classified in this
way and the complete list is given in the appendix C. The result there is checked both by hand
and by the computer programming independently.
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The independent terms of V [eR2DRǫ¯ψ(2)] are obtained by inserting the uncontracted indices
of [ǫ¯ψ(2)] into the blanks of [R
2DR]. Careful analysis shows that it is always possible to make
the index of the covariant derivative filled by a contracted index by using the Bianchi identity
of the Riemann tensor. Therefore below we only consider the terms of [R2DR] in which the
index of the covariant derivative is already filled.
It is useful to classify the terms of V [eR2DRǫ¯ψ(2)] by the positions of the uncontracted
indices of [ǫ¯ψ(2)] in the [R
2DR]. For instance, the term eRijkaRebcdDeRabcdǫ¯γ
kψij is assigned
new numbers of {0, 0, 21}. The meaning of these numbers are as follows. For each index of
the gamma matrix the number 1 is assigned, and for each index of the gravitino field strength
the number 10 is assigned. The first Riemann tensor of this example has the number 21, the
second does 0 and the third position does 0, and these numbers are aligned in order of rising.
Thus the term eRijkaRebcdDeRabcdǫ¯γ
kψij is classified by the numbers of {1, 4, 5}{1, 4}{0, 0, 21},
which are not affected by the properties of the Riemann tensor and the gamma matrix.
By using the numbers discussed above it is almost possible to classify the terms of
V [eR2DRǫ¯ψ(2)], and the explicit expressions for the bases are given by
V 21 = eRijkaRebcdDeRabcdǫ¯γ
kψij , V 22 = eRijeaRkbcdDeRabcdǫ¯γ
kψij ,
V 23 = eReaicRjbkdDeRabcdǫ¯γ
kψij , V 24 = eReaicRkbjdDeRabcdǫ¯γ
kψij ,
V 25 = eReaibRjcadDeRkcbdǫ¯γ
kψij , V 26 = eReaibRjdacDeRkcbdǫ¯γ
kψij ,
V 27 = eReaibRkcadDeRjcbdǫ¯γ
kψij , V 28 = eReakbRicadDeRjcbdǫ¯γ
kψij ,
V 29 = eReaibRkdacDeRjcbdǫ¯γ
kψij , V 210 = eRkaebRidacDeRjcbdǫ¯γ
kψij ,
V 211 = eReakbRidacDeRjcbdǫ¯γ
kψij , V 212 = eRijabRecadDeRkcbdǫ¯γ
kψij ,
V 213 = eRijabRedacDeRkcbdǫ¯γ
kψij , V 214 = eRiakbRecadDeRjcbdǫ¯γ
kψij ,
V 215 = eRkaibRecadDeRjcbdǫ¯γ
kψij , V 216 = eRiakbRedacDeRjcbdǫ¯γ
kψij ,
V 217 = eRkaibRedacDeRjcbdǫ¯γ
kψij , V 218 = eReaicRabcdDeRjbkdǫ¯γ
kψij ,
V 219 = eReaicRabcdDeRkbjdǫ¯γ
kψij , V 220 = eRecadRicbdDeRjakbǫ¯γ
kψij ,
V 221 = eRecadRicbdDeRkajbǫ¯γ
kψij , V 222 = eRedacRicbdDeRkajbǫ¯γ
kψij ,
V 223 = eRecadRkcbdDeRijabǫ¯γ
kψij , V 224 = eRedacRkcbdDeRijabǫ¯γ
kψij ,
V 225 = eRebcdRabcdDeRijkaǫ¯γ
kψij , (4.18)
V 226 = eRijklRdabcDdRmabcǫ¯γ
klmψij , V 227 = eRijkaRdblcDdRmbacǫ¯γ
klmψij ,
V 228 = eRijkaRlbdcDdRmbacǫ¯γ
klmψij , V 229 = eRijdaRklbcDdRmabcǫ¯γ
klmψij ,
V 230 = eRijacRkadbDdRlmbcǫ¯γ
klmψij , V 231 = eRijacRdakbDdRlmbcǫ¯γ
klmψij ,
V 232 = eRijkaRdabcDdRlmbcǫ¯γ
klmψij , V 233 = eRiaklRjbdcDdRmbacǫ¯γ
klmψij ,
V 234 = eRiaklRjcdbDdRmbacǫ¯γ
klmψij , V 235 = eRiakcRjbdaDdRlmbcǫ¯γ
klmψij ,
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V 236 = eRickaRjbdaDdRlmbcǫ¯γ
klmψij , V 237 = eRiakcRjadbDdRlmbcǫ¯γ
klmψij ,
V 238 = eRickaRjadbDdRlmbcǫ¯γ
klmψij , V 239 = eRiakdRjblcDdRmbacǫ¯γ
klmψij ,
V 240 = eRiakdRjclbDdRmbacǫ¯γ
klmψij , V 241 = eRidkaRjclbDdRmbacǫ¯γ
klmψij ,
V 242 = eRiaklRdbmcDdRjbacǫ¯γ
klmψij , V 243 = eRiaklRmbdcDdRjbacǫ¯γ
klmψij ,
V 244 = eRiaklRdbacDdRjcmbǫ¯γ
klmψij , V 245 = eRiaklRdbacDdRjbmcǫ¯γ
klmψij ,
V 246 = eRibdaRklacDdRjcmbǫ¯γ
klmψij , V 247 = eRibdaRklacDdRjbmcǫ¯γ
klmψij ,
V 248 = eRiadbRklacDdRjcmbǫ¯γ
klmψij , V 249 = eRiadbRklacDdRjbmcǫ¯γ
klmψij ,
V 250 = eRibacRkldaDdRjcmbǫ¯γ
klmψij , V 251 = eRickbRlmdaDdRjbacǫ¯γ
klmψij ,
V 252 = eRibkcRlmdaDdRjbacǫ¯γ
klmψij , V 253 = eRibkcRdbacDdRjalmǫ¯γ
klmψij ,
V 254 = eRickbRdbacDdRjalmǫ¯γ
klmψij , V 255 = eRiakdRlbacDdRjbmcǫ¯γ
klmψij ,
V 256 = eRidkaRlbacDdRjbmcǫ¯γ
klmψij , V 257 = eRiakcRdalbDdRjcmbǫ¯γ
klmψij ,
V 258 = eRickaRdalbDdRjcmbǫ¯γ
klmψij , V 259 = eRiakcRdalbDdRjbmcǫ¯γ
klmψij ,
V 260 = eRickaRdalbDdRjbmcǫ¯γ
klmψij , V 261 = eRiakcRladbDdRjcmbǫ¯γ
klmψij ,
V 262 = eRickaRladbDdRjcmbǫ¯γ
klmψij , V 263 = eRiakcRladbDdRjbmcǫ¯γ
klmψij ,
V 264 = eRickaRladbDdRjbmcǫ¯γ
klmψij , V 265 = eRicdbRkbacDdRjalmǫ¯γ
klmψij ,
V 266 = eRicabRkbdcDdRjalmǫ¯γ
klmψij , V 267 = eRibdcRkbacDdRjalmǫ¯γ
klmψij ,
V 268 = eRibacRkbdcDdRjalmǫ¯γ
klmψij , V 269 = eRkcdbRlbacDdRijmaǫ¯γ
klmψij ,
V 270 = eRkbdcRlbacDdRijmaǫ¯γ
klmψij , V 271 = eRkbdaRlmacDdRijbcǫ¯γ
klmψij ,
V 272 = eRkadbRlmacDdRijbcǫ¯γ
klmψij , V 273 = eRklbcRdbacDdRijmaǫ¯γ
klmψij ,
V 274 = eRkabcRdabcDdRijlmǫ¯γ
klmψij ,
V 275 = eRijkaRlmcbDcRnoabǫ¯γ
klmnoψij , V 276 = eRkliaRjcmbDcRnoabǫ¯γ
klmnoψij ,
V 277 = eRkliaRmcjbDcRnoabǫ¯γ
klmnoψij , V 278 = eRkliaRmncbDcRjaobǫ¯γ
klmnoψij ,
V 279 = eRkliaRmncbDcRoajbǫ¯γ
klmnoψij , V 280 = eRijklRcmabDcRnoabǫ¯γ
klmnoψij ,
V 281 = eRklcaRmnabDcRijobǫ¯γ
klmnoψij , V 282 = eRickaRlmabDcRnojbǫ¯γ
klmnoψij ,
V 283 = eRkciaRlmabDcRnojbǫ¯γ
klmnoψij , V 284 = eRiakbRlmcaDcRnojbǫ¯γ
klmnoψij ,
V 285 = eRkaibRlmcaDcRnojbǫ¯γ
klmnoψij , V 286 = eRkliaRcambDcRnojbǫ¯γ
klmnoψij ,
V 287 = eRkliaRmacbDcRnojbǫ¯γ
klmnoψij , V 288 = eRckabRlmabDcRijnoǫ¯γ
klmnoψij ,
Thus there are 88 bases for V [eR2DRǫ¯ψ(2)]. This result is obtained both by hand and by the
computer programming independently.
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4.2.3 Bases for V [eR3ǫ¯Dψ(2)]
The bases for V [eR3ǫ¯Dψ(2)] are obtained as in the case of deriving the ansatz for L[eR
3ψ¯ψ(2)].
That is, by replacing the Majorana gravitino in the L[eR3ψ¯ψ(2)] with the covariant derivative,
we obtain 92 bases for the V [eR3ǫ¯Dψ(2)]. The explicit expressions for the bases are given by
(
V 31 = eRafbgRacdeRbcdeǫ¯γfDhψgh, V
3
2 = eRafbcRagdeRbcdeǫ¯γfDhψgh,
V 33 = eRbfadRcgaeRbcdeǫ¯γfDhψgh
)
2
,
V 34 = eRklijRabcdRabcdǫ¯γ
lDkψij , V 35 = eRklaiRbjcdRabcdǫ¯γ
lDkψij ,
V 36 = eRkialRbjcdRabcdǫ¯γ
lDkψij , V 37 = eRijakRblcdRabcdǫ¯γ
lDkψij ,
V 38 = eRijalRbkcdRabcdǫ¯γ
lDkψij , V 39 = eRklabRijcdRabcdǫ¯γ
lDkψij ,
V 310 = eRkiabRljcdRabcdǫ¯γ
lDkψij , V 311 = eRklabRaicdRbjcdǫ¯γ
lDkψij ,
V 312 = eRkiabRalcdRbjcdǫ¯γ
lDkψij , V 313 = eRliabRakcdRbjcdǫ¯γ
lDkψij ,
V 314 = eRijabRakcdRblcdǫ¯γ
lDkψij , V 315 = eRklacRbiadRbjcdǫ¯γ
lDkψij ,
V 316 = eRkiacRbladRbjcdǫ¯γ
lDkψij , V 317 = eRliacRbkadRbjcdǫ¯γ
lDkψij ,
V 318 = eRijacRbkadRblcdǫ¯γ
lDkψij , V 319 = eRakciRbldjRabcdǫ¯γ
lDkψij ,
V 320 = eRakciRbladRbjcdǫ¯γ
lDkψij , V 321 = eRalciRbkadRbjcdǫ¯γ
lDkψij ,
V 322 = eRakbiRalcdRbjcdǫ¯γ
lDkψij , V 323 = eRalbiRakcdRbjcdǫ¯γ
lDkψij , (4.19)
(
V 324 = eRefhiRabcdRabcdǫ¯γefgDgψhi, V
3
25 = eRefahRbicdRabcdǫ¯γefgDgψhi,
V 326 = eRhiaeRbfcdRabcdǫ¯γefgDgψhi, V
3
27 = eRefabRhicdRabcdǫ¯γefgDgψhi,
V 328 = eRehabRficdRabcdǫ¯γefgDgψhi, V
3
29 = eRefabRahcdRbicdǫ¯γefgDgψhi,
V 330 = eRehabRafcdRbicdǫ¯γefgDgψhi, V
3
31 = eRhiabRaecdRbfcdǫ¯γefgDgψhi,
V 332 = eRefacRbhadRbicdǫ¯γefgDgψhi, V
3
33 = eRehacRbfadRbicdǫ¯γefgDgψhi,
V 334 = eRhiacRbeadRbfcdǫ¯γefgDgψhi, V
3
35 = eRaechRbfdiRabcdǫ¯γefgDgψhi,
V 336 = eRaechRbfadRbicdǫ¯γefgDgψhi, V
3
37 = eRaebhRfacdRibcdǫ¯γefgDgψhi
)
1
,
(
V 338 = eRefahRbgcdRabcdǫ¯γefgDiψhi, V
3
39 = eRefabRghcdRabcdǫ¯γefgDiψhi,
V 340 = eRefabRagcdRbhcdǫ¯γefgDiψhi, V
3
41 = eRehabRafcdRbgcdǫ¯γefgDiψhi,
V 342 = eRefacRbgadRbhcdǫ¯γefgDiψhi, V
3
43 = eRehacRbfadRbgcdǫ¯γefgDiψhi
)
2
,
V 344 = eRkilmRanbcRajbcǫ¯γ
lmnDkψij , V 345 = eRlmijRakbcRanbcǫ¯γ
lmnDkψij ,
V 346 = eRlmakRijbcRanbcǫ¯γ
lmnDkψij , V 347 = eRlmakRnibcRajbcǫ¯γ
lmnDkψij ,
V 348 = eRlmaiRknbcRajbcǫ¯γ
lmnDkψij , V 349 = eRlmaiRnjbcRakbcǫ¯γ
lmnDkψij ,
V 350 = eRlmaiRkjbcRanbcǫ¯γ
lmnDkψij , V 351 = eRklaiRmnbcRajbcǫ¯γ
lmnDkψij ,
V 352 = eRklaiRmjbcRanbcǫ¯γ
lmnDkψij , V 353 = eRliakRmnbcRajbcǫ¯γ
lmnDkψij ,
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V 354 = eRliakRmjbcRanbcǫ¯γ
lmnDkψij , V 355 = eRijalRkmbcRanbcǫ¯γ
lmnDkψij ,
V 356 = eRijalRmnbcRakbcǫ¯γ
lmnDkψij , V 357 = eRijakRlmbcRanbcǫ¯γ
lmnDkψij ,
V 358 = eRlmbkRanciRajbcǫ¯γ
lmnDkψij , V 359 = eRlmbiRakcnRajbcǫ¯γ
lmnDkψij ,
V 360 = eRlmbiRancjRakbcǫ¯γ
lmnDkψij , V 361 = eRlmbiRakcjRanbcǫ¯γ
lmnDkψij ,
V 362 = eRklbiRajcmRanbcǫ¯γ
lmnDkψij , V 363 = eRlibkRajcmRanbcǫ¯γ
lmnDkψij ,
V 364 = eRijblRakcmRanbcǫ¯γ
lmnDkψij , V 365 = eRklabRmnacRijbcǫ¯γ
lmnDkψij ,
V 366 = eRkiabRlmacRnjbcǫ¯γ
lmnDkψij , V 367 = eRlmabRijacRbkcnǫ¯γ
lmnDkψij ,
V 368 = eRliabRmjacRbkcnǫ¯γ
lmnDkψij , V 369 = eRlmabRniacRbkcj ǫ¯γ
lmnDkψij ,
V 370 = eRlmabRkiacRbncj ǫ¯γ
lmnDkψij , V 371 = eRklabRmiacRbncj ǫ¯γ
lmnDkψij ,
V 372 = eRlmabRckaiRbncj ǫ¯γ
lmnDkψij , V 373 = eRliabRckamRbncj ǫ¯γ
lmnDkψij ,
V 374 = eRakblRcmaiRbncj ǫ¯γ
lmnDkψij ,
(
V 375 = eRdeaiRfgbcRahbcǫ¯γdefghDjψij, V
3
76 = eRdeabRfgacRbhciǫ¯γdefghDjψij
)
2
,
(
V 377 = eRdeaiRfgbcRajbcǫ¯γdefghDhψij, V
3
78 = eRijadRefbcRagbcǫ¯γdefghDhψij,
V 379 = eRdeaiRfjbcRagbcǫ¯γdefghDhψij, V
3
80 = eRdebiRafcjRagbcǫ¯γdefghDhψij,
V 381 = eRdeabRfiacRbgcj ǫ¯γdefghDhψij
)
1
,
V 382 = eRlmkiRnoabRpjabǫ¯γ
lmnopDkψij , V 383 = eRklijRmnabRopabǫ¯γ
lmnopDkψij ,
V 384 = eRlmijRknabRopabǫ¯γ
lmnopDkψij , V 385 = eRlmaiRnobjRkpabǫ¯γ
lmnopDkψij ,
V 386 = eRlmakRijbnRopabǫ¯γ
lmnopDkψij , V 387 = eRliakRmnbjRopabǫ¯γ
lmnopDkψij ,
V 388 = eRklaiRmnbjRopabǫ¯γ
lmnopDkψij , V 389 = eRlmakRnobiRpjabǫ¯γ
lmnopDkψij ,
V 390 = eRlmakRnobiRapbj ǫ¯γ
lmnopDkψij ,
(
V 391 = eRcdjkRefabRghabǫ¯γcdefghiDiψjk, V
3
92 = eRcdajRefbkRghabǫ¯γcdefghiDiψjk
)
1
.
Note that these terms are classified into 3 types. The first one is V 324∼37, V
3
77∼81 and V
3
91,92
where the index of the covariant derivative is contracted with the index of the gamma matrix.
By applying the first equation in (2.18), these terms are expanded by V 34∼23, V
3
44∼74, V
3
82∼90 and
V 11∼116. The second one is V
3
1∼3, V
3
38∼43 and V
3
75,76 where the index of the covariant derivative is
contracted with the index of the gravitino field strength. By applying the second equation in
(2.18), these terms are expanded by V 11∼116. The third one is V
3
4∼23, V
3
44∼74 and V
3
82∼90, which
are the 60 bases for the V [eR3ǫ¯Dψ(2)].
4.2.4 The Identities
As mentioned before the bases for V [eR4ǫ¯ψ] and for V [eR3ǫ¯Dψ(2)] are not independent because
of the identity, D[eψcd] ∼
1
4γ
abψ[eRcd]ab. By using the computer programming we find 20
26
identities among these bases. The result is as follows.
I1 = 2V
1
12 + 2V
1
13 − 4V
1
14 + 2V
1
32 + V
1
36 − 8V
3
6 − 4V
3
8 = 0,
I2 = V
1
30 − 2V
1
37 − 4V
3
9 + 8V
3
10 = 0,
I3 = 4V
1
17 + 4V
1
18 − 4V
1
19 − 4V
1
20 + 2V
1
21 − 2V
1
22 − V
1
33 + V
1
48 + 2V
3
11 + 4V
3
13 = 0,
I4 = 8V
1
17 + 8V
1
18 − 8V
1
19 − 8V
1
20 + 4V
1
21 − 4V
1
22 + V
1
39 + 2V
1
47 + 8V
3
12 − 4V
3
14 = 0,
I5 = 2V
1
17 − 2V
1
20 + 2V
1
23 − 2V
1
24 − V
1
34 + V
1
44 + 2V
3
15 + 4V
3
17 = 0,
I6 = 4V
1
17 − 4V
1
20 + 4V
1
23 − 4V
1
24 + V
1
40 + 2V
1
43 + 8V
3
16 − 4V
3
18 = 0,
I7 = 8V
1
8 + 2V
1
11 − 8V
1
12 + 4V
1
26 + 2V
1
36 − 8V
1
50 − 2V
1
86 − V
1
105 + 8V
3
44 + 4V
3
45 = 0,
I8 = 2V
1
9 + 2V
1
13 − V
1
15 + 8V
1
17 − 8V
1
19 + V
1
27 − V
1
37 + 2V
1
42 − 16V
1
54 + 4V
1
62 + 4V
1
65
+ V 188 − V
1
108 + 4V
3
47 + 4V
3
48 + 4V
3
49 = 0,
I9 = 4V
1
9 + 4V
1
13 − 2V
1
15 + 16V
1
17 − 16V
1
19 + 2V
1
27 + 4V
1
42 − 4V
1
48 − 4V
1
51 − 8V
1
65
+ V 187 − 2V
1
108 − 4V
3
46 + 8V
3
50 = 0,
I10 = 2V
1
9 + 2V
1
13 − V
1
15 + 8V
1
18 − 8V
1
19 − 4V
1
49 + 4V
1
50 + 2V
1
51 + 8V
1
53 + 4V
1
55 − 4V
1
61
− 4V 163 + 4V
1
64 − 4V
1
95 + 4V
1
96 − 2V
1
99 − 8V
3
52 − 8V
3
54 + 4V
3
55 = 0,
I11 = 2V
1
9 + 2V
1
13 − V
1
15 + 8V
1
18 − 8V
1
19 + V
1
35 − V
1
39 + 2V
1
40 + 4V
1
55 + 2V
1
63 − V
1
90 (4.20)
+ V 1106 − 4V
3
51 − 4V
3
53 − 2V
3
56 = 0,
I12 = 4V
1
8 − 2V
1
9 + 8V
1
10 − 4V
1
14 + 8V
1
16 − 8V
1
17 + 8V
1
19 − 8V
1
20 − V
1
27 + 4V
1
28
+ 4V 138 − 4V
1
46 + 8V
1
54 + 8V
1
58 − 4V
1
62 − 8V
1
66 − V
1
88 + 2V
1
89 − 2V
1
92 + 2V
1
107
− 4V 348 − 8V
3
58 + 8V
3
59 − 8V
3
60 = 0,
I13 = 2V
1
8 − V
1
9 + 4V
1
10 − 2V
1
14 + 4V
1
16 − 4V
1
18 + 4V
1
19 − 4V
1
20 + 2V
1
49 − V
1
51
− 4V 152 − 2V
1
53 + 4V
1
57 − 4V
1
59 + V
1
63 − 2V
1
65 + 4V
1
66 + 2V
1
95 − 2V
1
97 + V
1
99
− 8V 362 − 8V
3
63 − 4V
3
64 = 0,
I14 = 12V
1
21 − 4V
1
41 + 4V
1
55 − 4V
1
56 + 8V
1
67 + 8V
1
68 + V
1
90 − V
1
91 − 2V
1
109 − 4V
3
65 − 8V
3
66 = 0,
I15 = 2V
1
9 + 8V
1
22 + 8V
1
23 − 2V
1
41 − 4V
1
45 + 2V
1
47 − 4V
1
56 − 8V
1
67 − V
1
91 − 2V
1
110
− 4V 365 + 4V
3
67 + 8V
3
70 = 0,
I16 = V
1
9 − 3V
1
21 + 4V
1
22 + 4V
1
23 − V
1
55 − V
1
56 + 4V
1
59 − 4V
1
60 − 2V
1
61 + 2V
1
62
− 2V 167 − 2V
1
68 − 2V
1
102 − 2V
1
103 + 2V
1
104 + 4V
3
68 − 8V
3
71 = 0,
I17 = V
1
9 − 12V
1
10 − 6V
1
21 + 4V
1
22 + 28V
1
23 − 24V
1
24 + 2V
1
55 + 2V
1
56 + 12V
1
57
+ 12V 158 − 8V
1
59 − 4V
1
60 − 2V
1
61 − 4V
1
62 + 16V
1
67 + 4V
1
68 + 6V
1
101 + 4V
1
102
− 2V 1103 − 4V
1
104 − 8V
3
68 − 8V
3
71 − 24V
3
74 = 0,
27
I18 = 2V
1
29 + 4V
1
30 − 4V
1
35 + 4V
1
36 − 4V
1
39 − 16V
1
49 + 16V
1
50 − 16V
1
53 − 2V
1
87
+ 8V 193 + 16V
1
95 + 4V
1
106 + 4V
1
111 + V
1
113 − 8V
3
82 + 4V
3
84 = 0,
I19 = 2V
1
26 − V
1
27 − 2V
1
31 + 2V
1
32 + 2V
1
33 − 4V
1
38 + 4V
1
44 − 4V
1
46 − 4V
1
55 + 4V
1
56 + 8V
1
58
− 8V 160 + 4V
1
61 − 4V
1
62 + V
1
86 − 2V
1
93 + 4V
1
98 − 2V
1
99 − 4V
1
101 − 8V
1
102 + 4V
1
103
+ 4V 1104 + 2V
1
107 − V
1
108 + V
1
111 + V
1
114 − 2V
3
86 + 4V
3
87 + 4V
3
88 = 0,
I20 = 2V
1
26 − V
1
27 + 2V
1
31 − 2V
1
32 − 2V
1
33 + 2V
1
41 − 2V
1
42 + 4V
1
43 − 4V
1
45 − 2V
1
47 + 2V
1
48
+ 8V 152 + 8V
1
57 − 8V
1
59 + V
1
88 − 4V
1
94 − 4V
1
97 + 4V
1
98 − 4V
1
101 + 4V
1
104 − 2V
1
109
+ 2V 1110 − V
1
112 − V
1
114 − 2V
3
85 + 4V
3
89 = 0.
Now we are ready to examine the variations of the ansatz under the local supersymmetry
transformations.
4.3 The Variations of the Ansatz
4.3.1 δL[eR4] terms
In the case of the supergravity, the variation of the spin connection is automatically cancelled
by solving (2.6). For the higher derivative corrections, however, the variations for the spin
connection do not cancel automatically. As discussed before the Riemann tensors in the ansatz
of L[eR4] are expressed by the supercovariant spin connection, and the supersymmetric trans-
formation for this field is given by
δωˆµ
ab = −12 ǫ¯γµψ
ab + 12 ǫ¯γ
aψbµ −
1
2 ǫ¯γ
bψaµ. (4.21)
By definition the above transformation does not include derivatives of the supersymmetric
parameter ǫ.
Now let us consider the variation of the ansatz L[eR4] under the local supersymmetry. In
order to execute this, it is convenient to use the variation of the Riemann tensor,
δRabcd = e
µ
ce
ν
dδRabµν(ωˆ)−Rabdµδe
µ
c +Rabcνδe
ν
d
= Dcδωˆdab −Ddδωˆcab +Rabdeǫ¯γ
eψc −Rabceǫ¯γ
eψd +O(ψ
3). (4.22)
The covariant derivative acts on all local Lorentz indices. Since we focus on the cancellation
of the terms which linearly depend on the gravitino, we neglect the torsion part in the second
line. Let us vary b11 term of L[eR
4] in the eq.(4.5) as an example.
δ(b11eRabcdRabcdRefghRefgh) ∼ +b
1
1eRabcdRabcdRefghRefghǫ¯γ
zψz
− 8b11eRiefgRzefgRabcdRabcdǫ¯γ
iψz (4.23)
− 32b11eRijkaRebcdDeRabcdǫ¯γ
kψij .
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Here the partial integral and the Bianchi identity of the Riemann tensor are used to derive the
above expression. We also dropped the terms which are proportional to the field equations since
those terms are canceled by modifying the supersymmetry transformation of δeaµ.
In a similar way, it is basically possible to vary the ansatz L[eR4] under the local super-
symmetry. Since this operation is systematic, we employ the computer programming by the
mathematica to calculate the variations. The result is given as follows.
δL[eR4] =
+ b11(V
1
1 − 8V
1
11 − 32V
2
1 )
+ b12(−
1
2V
1
2 + 4V
1
14 − V
2
2 − 4V
2
3 − 4V
2
4 + 2V
2
13 + 4V
2
16 + 4V
2
17)
+ b13(V
1
2 − 4V
1
12 − 4V
1
13 − 4V
2
1 + 2V
2
2 − 8V
2
3 + 8V
2
4 − 4V
2
13 − 8V
2
16 + 8V
2
17 − 4V
2
25)
+ b14(−
1
8V
1
3 + V
1
15 −
7
4V
2
2 + V
2
3 − V
2
4 + V
2
18 − V
2
19 −
7
2V
2
23 +
7
2V
2
24)
+ b15(−
1
4V
1
3 + 2V
1
15 − 3V
2
2 + 4V
2
3 − 4V
2
4 + 4V
2
18 − 4V
2
19 − 6V
2
23 + 6V
2
24)
+ b16(
1
8V
1
3 − V
1
4 − V
1
15 + 8V
1
16 + V
2
2 − 4V
2
3 − 4V
2
4 − 4V
2
18 − 4V
2
19 + 2V
2
23 − 2V
2
24)
+ b17(V
1
5 + 4V
1
18 − 4V
1
20 − 2V
1
21 − 8V
1
23 + 8V
1
24 − 6V
2
5 + 2V
2
6 + 2V
2
7 + 2V
2
8 + 2V
2
9
+ 2V 211 + V
2
12 − V
2
13 − 2V
2
14 − 2V
2
15 + 2V
2
16 + 2V
2
17 + 2V
2
18 − 2V
2
19 + 4V
2
21 − 4V
2
22
+ V 223 − V
2
24)
+ b18(V
1
5 + 4V
1
17 + 4V
1
18 − 8V
1
20 − 2V
1
21 − 4V
1
23 + 4V
1
24 − 2V
2
5 + 2V
2
7 + 2V
2
8 + 2V
2
12
− V 213 − 4V
2
15 + 2V
2
16 + 2V
2
17 + 2V
2
18 − 2V
2
19 − 2V
2
20 + 6V
2
21 − 4V
2
22 + 2V
2
23 − V
2
24) (4.24)
+ b19(
1
2V
1
5 − V
1
7 + 2V
1
17 + 2V
1
18 − V
1
21 + 2V
1
23 + 2V
1
24 + V
2
5 − 3V
2
6 − V
2
7 − V
2
8 − V
2
9
+ V 211 +
1
2V
2
12 −
1
2V
2
13 + V
2
14 + V
2
15 + V
2
16 + V
2
17 + V
2
18 − V
2
19 − 2V
2
20 − 2V
2
22
+ 12V
2
23 −
1
2V
2
24)
+ b110(
1
4V
1
6 + 6V
1
17 + 6V
1
18 − 6V
1
19 − 6V
1
20 − V
1
21 + V
1
22 − 2V
2
7 + 2V
2
8 + 2V
2
9 + 2V
2
10
− 2V 211 + 2V
2
12 − 2V
2
13 + 2V
2
14 − 2V
2
15 − 2V
2
16 + 2V
2
17 − 2V
2
18 + 2V
2
19 + 2V
2
23 − 2V
2
24)
+ b111(−
1
2V
1
6 − 14V
1
17 − 14V
1
18 + 14V
1
19 + 14V
1
20 + V
1
21 − V
1
22 + 2V
2
7 − 2V
2
8 − 2V
2
9
− 2V 210 + 2V
2
11 − 4V
2
12 + 4V
2
13 − 6V
2
14 + 6V
2
15 + 6V
2
16 − 6V
2
17 + 6V
2
18 − 6V
2
19
− 4V 223 + 4V
2
24)
+ b112(−V
1
6 + 16V
1
21 − 16V
1
22 + 16V
2
5 − 16V
2
6 + 16V
2
7 − 16V
2
8 − 16V
2
9 − 32V
2
10 + 16V
2
11)
+ b113(−V
1
7 + 4V
1
20 + 4V
1
23 − 2V
2
6 − 4V
2
8 − 2V
2
9 + 2V
2
11 − V
2
12 + 2V
2
14 + 2V
2
15 − 2V
2
20
− 2V 221 − V
2
23).
The variations which depend on the Ricci tensor or the scalar curvature are neglected. As ex-
plained in the sec. 3, those terms are cancelled by modifying the supersymmetric transformation
rule of the vielbein.
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4.3.2 δL[eǫ11AR
4] terms
Let us consider the variations of L[eǫ11AR
4] under the local supersymmetry. Since we are
interested in the variations which are independent of the 3-form potential, we only need to
consider the variation of the 3-form potential in this ansatz. The calculation is straightforward
and the result is written as
δL[eǫ11AR
4] = b21V
1
115 + b
2
2V
1
116. (4.25)
Note that, because of the presence of the ǫ11 tensor, the gamma matrix with 2 indices is mapped
to the one with 9 indices.
4.3.3 δL[eR3ψ¯ψ(2)] terms
As discussed in the sec. 4.2.3, by applying the field equations (2.18), the variations of the ansatz
L[eR3ψ¯ψ(2)] are classified into three types.
For the terms with the coefficients f124∼37, f
1
77∼81 and f
1
91,92 in the L[eR
3ψ¯ψ(2)], the variations
of them are evaluated as
δ(eR3i1 ···inijψ¯zγ
i1···inzψij)
= 2eR3i1···inijDzǫγ
i1···inzψij + 12eR
3
i1···inijRxy
ijψ¯zγ
i1···inzγxyǫ
= −2eǫ¯(DzR
3
i1···inij)γ
i1···inzψij + 2neǫ¯R3i1···inijγ
[i1···in−1Din]ψij (4.26)
− 12eR
3
i1···inijRxy
ij ǫ¯
{
γi1···inγzγxy + Cn+1γ
xyγi1···inz
}
ψz,
where Cn = (−1)
n(n+1)
2 . We used γi1···inz = γi1···inγz − nγ[i1···in−1ηin]z and the first equation in
(2.18).
For the terms with the coefficients f11∼3, f
1
38∼43 and f
1
75,76 in the L[eR
3ψ¯ψ(2)], the variations
of them are evaluated as
δ(eR3i1···iniψ¯zγ
i1···inψiz)
= 2eR3i1···iniDzǫγ
i1···inψiz + 12eR
3
i1···iniRxy
izψ¯zγ
i1···inγxyǫ (4.27)
= −2eǫ¯(DzR
3
i1···ini)γ
i1···inψiz − 12eR
3
i1···iniRxy
iz ǫ¯
{
γi1···inγxy + Cnγ
xyγi1···in
}
ψz.
Here we used the second equation in (2.18).
For the terms with the coefficients f14∼23, f
1
44∼74 and f
1
82∼90 in the L[eR
3ψ¯ψ(2)], the variations
of them are evaluated as
δ(eR3i1···inijzψ¯
zγi1···inψij)
= 2eR3i1···inij
zDzǫγ
i1···inψij + 12eR
3
i1···inijzRxy
ijψ¯zγi1···inγxyǫ
= −2eǫ¯(DzR
3
i1···inij
z)γi1···inψij − 2eǫ¯R3i1···inij
zγi1···inDzψ
ij (4.28)
− 12CneR
3
i1···inijzRxy
ij ǫ¯γxyγi1···inψz.
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These variations are quite systematic and it is practical to calculate them with the aid of the
computer programming1. The result is expressed as follows.
δL[eR3ψ¯ψ(2)] =
+ f11 (−2V
1
8 − 4V
2
14 − 4V
2
15 − V
2
25)
+ f12 (−2V
1
9 − 8V
2
7 + 8V
2
9 + 8V
2
10 − 8V
2
18 + 8V
2
19 − 8V
2
21 + 8V
2
22 + 4V
2
23 − 4V
2
24)
+ f13 (−2V
1
10 + 2V
2
9 + 2V
2
11 − 2V
2
18 + 2V
2
22 + V
2
23)
+ f14 (V
1
11 + V
1
29/2 + 8V
2
1 − 2V
3
4 )
+ f15 (V
1
14 − V
1
31/2 + V
1
32/2− 4V
2
4 + 4V
2
16 − 2V
3
5 )
+ f16 (−V
1
13/2 + V
1
14 + V
1
32/2− 4V
2
3 + 4V
2
17 − 2V
3
6 )
+ f17 (V
1
13 + V
1
35/2− 2V
2
2 + 4V
2
13 − 2V
3
7 )
+ f18 (−V
1
12 + V
1
36/2− 2V
2
1 − 2V
2
25 − 2V
3
8 )
+ f19 (V
1
15 + V
1
30/2− 4V
2
2 − 8V
2
23 + 8V
2
24 − 2V
3
9 )
+ f110(V
1
15/2 + V
1
37/2 + 8V
2
3 − 8V
2
4 + 8V
2
18 − 8V
2
19 − 2V
3
10)
+ f111(2V
1
21 − 2V
1
22 + V
1
33 + 8V
2
7 − 8V
2
8 − 8V
2
9 − 8V
2
10 + 8V
2
11 − 2V
3
11)
+ f112(V
1
21 − V
1
22 − V
1
47/2 + 4V
2
5 − 4V
2
6 − 4V
2
10 − 2V
3
12)
+ f113(2V
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The variations which depend on the Ricci tensor, the scalar curvature and the field equations of
the Majorana gravitino are neglected. As explained in the sec. 3, these terms are cancelled by
modifying the supersymmetric transformation rules of the vielbein and the Majorana gravitino.
4.3.4 δL[eR2ψ¯(2)Dψ(2)] terms
Finally let us evaluate the variations of L[eR2ψ¯(2)Dψ(2)]. The transformations of the terms in
this ansatz are expressed as
δ1(eR
2
ijkli1···inzψ¯
klγi1···inDzψ
ij) = −12eR
2
ijkli1···inzRxy
klǫ¯γxyγi1···inDzψ
ij
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n(n+1)
2 eR2ijkli1···inzRxy
ij ǫ¯γxyγi1···inDzψ
kl (4.30)
+ 12(−1)
n(n+1)
2 e(DzR
2
ijkli1···inz)Rxy
ij ǫ¯γxyγi1···inψkl.
And it is practical to obtain all variations by employing the computer programming. The result
becomes as follows.
δL[eR2ψ¯(2)Dψ(2)] =
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2
17 − V
2
43/2− 2V
3
21 + V
3
23/2 + V
3
48/4− V
3
59)
35
+ f210(V
2
4 − V
2
34/2− V
3
13/2 + V
3
17 + V
3
19 − V
3
21 + V
3
23/2− V
3
60/2− V
3
61/2)
+ f211(−V
2
16 − V
2
44/2− V
3
13/2 + V
3
17 + V
3
19 − V
3
21 + V
3
23/2− V
3
60/2− V
3
61/2)
+ f212(V
2
3 − V
2
33/2− V
3
10/4 + V
3
17 + V
3
19 − V
3
21 + V
3
49/4 + V
3
50/4− V
3
60/2− V
3
61/2)
+ f213(−V
2
14 − V
2
45/2− V
3
10/4 + V
3
17 + V
3
19 − V
3
21 + V
3
49/4 + V
3
50/4− V
3
60/2− V
3
61/2)
+ f214(−V
2
1 − V
2
26/2− 2V
3
8 − V
3
45)
+ f215(2V
2
17 − 2V
2
18 + 2V
2
19 − V
2
43 − 2V
2
62 + 2V
2
64 − V
2
78/2 + V
2
79/2− V
3
6 + V
3
8 /2
+ V 39 /4 + V
3
10/2 + V
3
44/2 + V
3
46/4 + V
3
52 + V
3
54 + V
3
55/2− V
3
64 − V
3
82/4 + V
3
86/4)
+ f216(−V
2
23 + V
2
24 − V
2
25/2 + V
2
70 − V
2
72/2− V
2
81/4 + V
3
6 − V
3
8 /2 − V
3
9 /4− V
3
10/2
− V 344/2− V
3
46/4− V
3
52 − V
3
54 − V
3
55/2 + V
3
64 + V
3
82/4− V
3
86/4)
+ f217(2V
2
17 − 2V
2
18 + 2V
2
19 + 2V
2
56 − 2V
2
62 + 2V
2
64 − V
2
65 + V
2
67 − V
2
82/2 + V
3
5 − 2V
3
6
+ V 310 − 2V
3
19 + V
3
50 + V
3
52 + 2V
3
54 − V
3
61 + 2V
3
62 + 4V
3
63 + V
3
87 + V
3
88/2)
+ f218(−2V
2
23 + 2V
2
24 − V
2
25 − 2V
2
69 + 2V
2
70 + V
2
74/2 + V
2
88/4 + V
3
4 /2 − V
3
7 − V
3
8
− V 39 /2 + V
3
45/2− V
3
55 − V
3
57/2− V
3
83/4 + V
3
84/4)
+ f219(V
2
10 + V
2
18 − V
2
19 − V
2
51/2− V
2
62 + V
2
64 + V
2
78/4− V
2
79/4− V
3
15/2 + V
3
23/2 + V
3
47/4
− V 358/2 + V
3
68 + V
3
71 − V
3
73 + V
3
74 + V
3
90/4)
+ f220(−V
2
7 + V
2
9 + V
2
10 + V
2
18 − V
2
19 + V
2
21 − V
2
22 − V
2
51/2 + V
2
52/2 + V
2
64
− V 279/4 + V
3
15/2− V
3
23/2 − V
3
47/4 + V
3
58/2− V
3
68 − V
3
71 + V
3
73 − V
3
74 − V
3
90/4)
+ f221(−2V
2
4 + 2V
2
6 − V
2
36 + 2V
2
40 − V
2
77/2 − V
3
5 + V
3
11 + V
3
12 + V
3
13 − 2V
3
16
− 2V 317 + 2V
3
20 + 2V
3
21 − V
3
22 − V
3
23 − V
3
52 − V
3
60 − 2V
3
62 − V
3
66 − V
3
69
+ V 372 − V
3
85/2 + V
3
88/2)
+ f222(2V
2
7 − 2V
2
8 − 2V
2
9 − 2V
2
10 + 2V
2
11 − 2V
2
18 + 2V
2
19 + 2V
2
20 − 2V
2
21 + 2V
2
22 − V
2
54
+ 2V 259 − 2V
2
63 + V
2
86/2 − V
2
87/2 + V
3
5 − V
3
11 − V
3
12 − V
3
13 + 2V
3
16 + 2V
3
17 − 2V
3
20
− 2V 321 + V
3
22 + V
3
23 + V
3
52 + V
3
60 + 2V
3
62 + V
3
66 + V
3
69 − V
3
72 + V
3
85/2− V
3
88/2)
+ f223(−2V
2
3 + 2V
2
5 − V
2
36 + V
2
38 + 2V
2
41 − V
2
76/2− V
3
6 + V
3
11/2 + V
3
12 − 2V
3
16 − 2V
3
17
+ 2V 321 + V
3
49/2− V
3
52 − V
3
54 − V
3
60 − 2V
3
62 − 2V
3
63 − V
3
66 − V
3
70 + 2V
3
73 + 2V
3
74
− V 385/4 + V
3
87/2 + V
3
88/2)
+ f224(−2V
2
8 + 2V
2
11 + 2V
2
20 − V
2
53 + 2V
2
59 + V
2
86/2 + V
3
6 − V
3
11/2 − V
3
12 + 2V
3
16 + 2V
3
17
− 2V 321 − V
3
49/2 + V
3
52 + V
3
54 + V
3
60 + 2V
3
62 + 2V
3
63 + V
3
66 + V
3
70 − 2V
3
73 − 2V
3
74
+ V 385/4− V
3
87/2− V
3
88/2)
+ f225(−V
2
2 /2 + V
2
12 − V
2
13 + V
2
27 − V
2
28 + V
2
32/4 + V
2
80/8).
Now we obtained all the variations of the ansatz.
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4.4 Summary
As this section is quite long, let us briefly summarize the results obtained so far. The ansatz
for the higher derivative effective action is given by the sum of the eqs. (4.5), (4.7), (4.9) and
(4.11),
L1 = L[eR
4] + L[eǫ11AR
4] + L[eR3ψ¯ψ(2)] + L[eR
2ψ¯(2)Dψ(2)], (4.32)
which contains totally 132 terms. The variations of the ansatz are expanded by the 264 bases
of V [eR4ǫ¯ψ], V [eR2DRǫ¯ψ(2)] and V [eR
3ǫ¯Dψ(2)], which are given by the eqs. (4.16), (4.18) and
(4.19) respectively. The terms of V [eR4ǫ¯ψ] and V [eR3ǫ¯Dψ(2)] are related by the 20 identi-
ties (4.20). The results of the variations of the ansatz are expanded by the 264 bases as the
eqs. (4.24), (4.25), (4.29) and (4.31). Notice that these variations do not contain terms which
are proportional to the field equations. Thus the sum of them is just the variations V defined
in the eq. (3.6).
V = δL[eR4] + δL[eǫ11AR
4] + δL[eR3ψ¯ψ(2)] + δL[eR
2ψ¯(2)Dψ(2)] +
20∑
n=1
inIn. (4.33)
The 20 identities are also included.
The requirement of the local supersymmetry insists that all coefficients of the bases should
vanish, which gives 264 simultaneous equations. For this purpose, we arrange the variations as
V =
+ (b11 + 2f
1
24)V
1
1
+ (−b12/2 + b
1
3 + 2f
1
25 + 2f
1
26)V
1
2
+ (−b14/8− b
1
5/4 + b
1
6/8 + 2f
1
27 + f
1
28)V
1
3
+ (−b16 + 2f
1
35)V
1
4
+ (b17 + b
1
8 + b
1
9/2 + 2f
1
32 + f
1
33 + 2f
1
34 + 2f
1
37)V
1
5
+ (b110/4− b
1
11/2− b
1
12 + 2f
1
29 + f
1
30 + 2f
1
31)V
1
6
+ (−b19 − b
1
13 + 2f
1
36)V
1
7 (4.34)
+ (−2f11 + 2f
1
44 + f
1
59 − f
1
64 + 8i7 + 4i12 + 2i13)V
1
8
+ (−2f12 − 2f
1
46 + f
1
47 − f
1
53 − f
1
54/2 + f
1
58/2 + f
1
63/4 + f
1
67 + f
1
68/2 + f
1
73/4
− f174/4 + 2i8 + 4i9 + 2i10 + 2i11 − 2i12 − i13 + 2i15 + i16 + i17)V
1
9
+ (−2f13 − 2f
1
58 − f
1
63 + f
1
74 + 8i12 + 4i13 − 12i17)V
1
10
+ (−8b11 + f
1
4 − 6f
1
24 + f
1
45 + 2i7)V
1
11
+ (−4b13 − f
1
8 − 3f
1
26 + 2f
1
38 − f
1
44 − 2f
1
45 + 2i1 − 8i7)V
1
12
+ (−4b13 − f
1
6 /2 + f
1
7 − 3f
1
26 + 2f
1
38 + f
1
49 + f
1
50 + f
1
55 − 2f
1
56
+ 2i1 + 2i8 + 4i9 + 2i10 + 2i11)V
1
13
37
+ (4b12 + f
1
5 + f
1
6 − 6f
1
25 − 4f
1
38 + f
1
60 + f
1
61 + f
1
64 − 4i1 − 4i12 − 2i13)V
1
14
+ (b14 + 2b
1
5 − b
1
6 + f
1
9 + f
1
10/2 − 6f
1
27 − 3f
1
28 + f
1
46 − f
1
49/2− f
1
52/4 + f
1
54/2
+ f156 + f
1
57 + f
1
62/8− f
1
63/8− i8 − 2i9 − i10 − i11)V
1
15
+ (8b16 + f
1
19 − 6f
1
35 − 2f
1
60 − f
1
62 + 8i12 + 4i13)V
1
16
+ (4b18 + 2b
1
9 + 6b
1
10 − 14b
1
11 + 2f
1
13 − 4f
1
14 + f
1
17 − 2f
1
18 + 6f
1
30 + 24f
1
31 + f
1
33
+ 4f134 + 4f
1
37 + 8f
1
40 − 8f
1
41 + 4f
1
47 + 4f
1
50 + 4f
1
51 − 4f
1
53 + 2f
1
54 + 4f
1
55 + 8f
1
57
+ 2f158 − 8f
1
77 − 4f
1
79 + 4i3 + 8i4 + 2i5 + 4i6 + 8i8 + 16i9 − 8i12)V
1
17
+ (4b17 + 4b
1
8 + 2b
1
9 + 6b
1
10 − 14b
1
11 + 2f
1
13 − 4f
1
14 + 2f
1
23 + 6f
1
30 + 24f
1
31 + 2f
1
33 + 8f
1
34
+ 2f137 + 8f
1
40 − 8f
1
41 + 4f
1
42 − 4f
1
43 + 4f
1
47 − 4f
1
48 − 2f
1
52 − 4f
1
53 + 2f
1
54 + 4f
1
55
+ 8f157 − 2f
1
59 + f
1
62 − f
1
63 + 2f
1
64 + 8f
1
77 + 4f
1
79 + 4i3 + 8i4 + 8i10 + 8i11 − 4i13)V
1
18
+ (−6b110 + 14b
1
11 − 2f
1
13 + 4f
1
14 − 6f
1
30 − 24f
1
31 − 8f
1
40 + 8f
1
41 − 4f
1
47 − 4f
1
50 + 2f
1
52
+ 4f153 − 2f
1
54 − 4f
1
55 − 8f
1
57 − 2f
1
58 − 2f
1
61 − 2f
1
64 − 4i3 − 8i4 − 8i8 − 16i9 − 8i10
− 8i11 + 8i12 + 4i13)V
1
19
+ (−4b17 − 8b
1
8 − 6b
1
10 + 14b
1
11 + 4b
1
13 − 2f
1
13 + 4f
1
14 − f
1
17 + 2f
1
18 − f
1
21 − 2f
1
23
− 6f130 − 24f
1
31 − 3f
1
33 − 12f
1
34 − 3f
1
36 − 6f
1
37 − 8f
1
40 + 8f
1
41 − 4f
1
42 + 4f
1
43
− 4f147 + 4f
1
48 − 4f
1
51 + 4f
1
53 − 2f
1
54 − 4f
1
55 − 8f
1
57 + f
1
63 − 4i3 − 8i4 − 2i5
− 4i6 − 8i12 − 4i13)V
1
20
+ (−2b17 − 2b
1
8 − b
1
9 − b
1
10 + b
1
11 + 16b
1
12 + 2f
1
11 + f
1
12 + f
1
22 − 12f
1
29 − 3f
1
30 − 3f
1
37
+ 4f140 − 4f
1
41 − 2f
1
65 − 2f
1
66 − 2f
1
67 − f
1
68/2 + f
1
69 + f
1
71/2 + f
1
72 + f
1
73/2 + f
1
74/2
+ 2i3 + 4i4 + 12i14 − 3i16 − 6i17)V
1
21
+ (b110 − b
1
11 − 16b
1
12 − 2f
1
11 − f
1
12 + 12f
1
29 + 3f
1
30 − 4f
1
40 + 4f
1
41 + 2f
1
67 + f
1
68 + f
1
70
− f171/2− f
1
72 − f
1
74/2− 2i3 − 4i4 + 8i15 + 4i16 + 4i17)V
1
22
+ (−8b17 − 4b
1
8 + 2b
1
9 + 4b
1
13 + 2f
1
15 + f
1
16 + f
1
20 − 12f
1
32 − 3f
1
33 − 3f
1
36 + 4f
1
42 − 4f
1
43
+ 2f170 − f
1
71 − 2f
1
74 + 2i5 + 4i6 + 8i15 + 4i16 + 28i17)V
1
23
+ (8b17 + 4b
1
8 + 2b
1
9 − 2f
1
15 − f
1
16 + 12f
1
32 + 3f
1
33 − 4f
1
42 + 4f
1
43 − 2f
1
72 − f
1
73 + 2f
1
74
− 2i5 − 4i6 − 24i17)V
1
24
+ (−f144 + 2f
1
86 − f
1
89 + 4i7 + 2i19 + 2i20)V
1
26
+ (f146 − f
1
47/2− f
1
58/4− f
1
86 + f
1
89/2 + i8 + 2i9 − i12 − i19 − i20)V
1
27
+ (f158 + 2f
1
90 + 4i12)V
1
28
+ (f14 /2 + f
1
24 − f
1
84 − 4f
1
91 + 2i18)V
1
29
+ (f19 /2 + f
1
27 + f
1
82/2− 2f
1
83 − f
1
84 − 8f
1
91 + i2 + 4i18)V
1
30
+ (−f15 /2− f
1
25 + 2f
1
85 + f
1
88 + 8f
1
92 − 2i19 + 2i20)V
1
31
38
+ (f15 /2 + f
1
6 /2 + f
1
25 − 2f
1
85 + 2f
1
86 + f
1
87 − f
1
88 − 8f
1
92 + 2i1 + 2i19 − 2i20)V
1
32
+ (f111 + 2f
1
29 + f
1
87 − 2f
1
88 + f
1
89 − 8f
1
92 − i3 + 2i19 − 2i20)V
1
33
+ (f115 + 2f
1
32 + 2f
1
90 − i5)V
1
34
+ (f17 /2 + f
1
26/2 + f
1
56 − f
1
78 + 2f
1
84 + 8f
1
91 + i11 − 4i18)V
1
35
+ (f18 /2− f
1
26/2− f
1
45 + f
1
82 − 4f
1
83 − 8f
1
91 + i1 + 2i7 + 4i18)V
1
36
+ (f110/2 + f
1
28 + f
1
49/2 − f
1
79/2− f
1
86 − f
1
87/2− 2i2 − i8)V
1
37
+ (f119/2 + f
1
35 + f
1
60 − f
1
80 + 2f
1
88 + 8f
1
92 + 4i12 − 4i19)V
1
38
+ (f114/2 + f
1
31 − f
1
53/2 + f
1
57 + f
1
78 + 2f
1
84 + 8f
1
91 + i4 − i11 − 4i18)V
1
39
+ (f118/2 + f
1
34 + f
1
51 + 2f
1
77 + i6 + 2i11)V
1
40
+ (−f122/2− f
1
37/2− f
1
65 − f
1
66/2 + 2f
1
85 + 4f
1
92 − 4i14 − 2i15 + 2i20)V
1
41
+ (−f123/2 + f
1
37/2− f
1
48 − f
1
50 − f
1
59/2− f
1
61/2− 2f
1
77 − f
1
79 − f
1
80/2 + f
1
87
− f188 + f
1
89 + f
1
90 − 4f
1
92 + 2i8 + 4i9 − 2i20)V
1
42
+ (−f116/2− f
1
33/2 + f
1
72 + 4f
1
85 + 8f
1
92 + 2i6 + 4i20)V
1
43
+ (−f117/2 + f
1
33/2− f
1
61 − f
1
80 − 2f
1
88 − 8f
1
92 + i5 + 4i19)V
1
44
+ (−f120/2− f
1
36/2 + f
1
70 − f
1
72 + f
1
81 − 4f
1
85 − 8f
1
92 − 4i15 − 4i20)V
1
45
+ (−f121/2 + f
1
36/2 + f
1
59 + f
1
61 + f
1
80 + 2f
1
88 + 8f
1
92 − 4i12 − 4i19)V
1
46
+ (−f112/2− f
1
30/2− f
1
67 + f
1
69/2− f
1
81/2− 2f
1
85 − 4f
1
92 + 2i4 + 2i15 − 2i20)V
1
47
+ (−f113/2 + f
1
30/2 + f
1
50 + f
1
61/2 + f
1
79 + f
1
80/2− f
1
87 + f
1
88 − f
1
89 + 4f
1
92
+ i3 − 4i9 + 2i20)V
1
48
+ (2f155 + f
1
64 − 4f
1
78 + 8f
1
84 + 32f
1
91 − 4i10 + 2i13 − 16i18)V
1
49
+ (2f144 − 2f
1
55 + 4f
1
78 − 8f
1
84 − 32f
1
91 − 8i7 + 4i10 + 16i18)V
1
50
+ (−2f146 + f
1
52 − f
1
54/2− f
1
62/2 + f
1
63/4 + 2f
1
79 − 4i9 + 2i10 − i13)V
1
51
+ (−2f162 + f
1
63 − 4f
1
80 + 8f
1
85 + 16f
1
92 − 4i13 + 8i20)V
1
52
+ (−4f155 − f
1
64 + 8f
1
78 − 4f
1
82 + 16f
1
83 + 32f
1
91 + 8i10 − 2i13 − 16i18)V
1
53
+ (8f148 + 2f
1
59 + 16f
1
77 − 16i8 + 8i12)V
1
54
+ (2f151 + f
1
52 + 2f
1
65 + 2f
1
67 + f
1
68/2 + f
1
73/2 + 4f
1
77 + 2f
1
79 + f
1
80 − 4f
1
86 − 2f
1
87
+ 2f188 + 8f
1
92 + 4i10 + 4i11 + 4i14 − i16 + 2i17 − 4i19)V
1
55
+ (−2f151 − f
1
52 + 2f
1
53 + f
1
54 − 2f
1
65 + f
1
68/2 + f
1
73/2− 4f
1
77 − 2f
1
79 − f
1
80 − 2f
1
88
− 8f192 − 4i14 − 4i15 − i16 + 2i17 + 4i19)V
1
56
+ (f162 + f
1
74 + 2f
1
80 − 4f
1
87 + 4f
1
88 − 4f
1
89 − 4f
1
90 + 16f
1
92 + 4i13 + 12i17 + 8i20)V
1
57
+ (2f158 − f
1
62 + f
1
63 + f
1
74 − 2f
1
80 − 4f
1
88 − 16f
1
92 + 8i12 + 12i17 + 8i19)V
1
58
39
+ (−f162 + f
1
71 − f
1
74 − 2f
1
80 + 2f
1
81 + 4f
1
87 − 4f
1
88 + 4f
1
89 − 16f
1
92
− 4i13 + 4i16 − 8i17 − 8i20)V
1
59
+ (f162 − f
1
63 − f
1
71 − f
1
73 + 2f
1
80 − 2f
1
81 + 4f
1
88 + 16f
1
92 − 4i16 − 4i17 − 8i19)V
1
60
+ (−f152 − f
1
71/2− f
1
73/2 − 2f
1
79 − f
1
80 − f
1
81 + 4f
1
86 + 2f
1
87 − 2f
1
88 − 8f
1
92
− 4i10 − 2i16 − 2i17 + 4i19)V
1
61
+ (−2f147 + f
1
52 − f
1
54 − f
1
58 + f
1
71/2− f
1
74/2 + 2f
1
79 + f
1
80 + f
1
81 + 2f
1
88 + 8f
1
92
+ 4i8 − 4i12 + 2i16 − 4i17 − 4i19)V
1
62
+ (−f154/2 + f
1
55 + 2f
1
56 − 2f
1
57 + f
1
63/4− 6f
1
78 − 4i10 + 2i11 + i13)V
1
63
+ (f152 − f
1
62/2 + f
1
64 + 2f
1
79 + 4i10)V
1
64
+ (−2f149 + 2f
1
50 − f
1
63/2 + 4f
1
79 + 4i8 − 8i9 − 2i13)V
1
65
+ (−2f160 + 2f
1
61 + f
1
62 + 6f
1
80 − 8i12 + 4i13)V
1
66
+ (2f166 − f
1
68 − 2f
1
69 + 2f
1
70 − f
1
71 + 2f
1
74 + 2f
1
81 + 8i14 − 8i15 − 2i16 + 16i17)V
1
67
+ (2f166 + f
1
68 + 2f
1
72 + f
1
73 + 8i14 − 2i16 + 4i17)V
1
68
+ (−f124 + 2f
1
91)V
1
69
+ (−f127 + 4f
1
91)V
1
70
+ (−f125 + 4f
1
92)V
1
71
+ (−f129 + 2f
1
92)V
1
72
− f132V
1
73
+ (−f126 + 2f
1
78 − 16f
1
91)V
1
74
+ (−f128 + f
1
79)V
1
75
+ (−f135 + 2f
1
80 − 8f
1
92)V
1
76
+ (−f131 − 2f
1
78 − 8f
1
91)V
1
77
+ (−f134 − 4f
1
77)V
1
78
+ (f133 − 2f
1
80 − 16f
1
92)V
1
79
+ (f136 + 2f
1
80 − 2f
1
81 + 16f
1
92)V
1
80
+ (f130 + 2f
1
79 + f
1
80 + f
1
81 + 8f
1
92)V
1
81
+ (f137 − 4f
1
77 − 2f
1
79 − f
1
80 − 8f
1
92)V
1
82
+ 4f178V
1
83
− 4f179V
1
84
− 4f180V
1
85
+ (f138 − f
1
44/2 − f
1
86 − 2i7 + i19)V
1
86
+ (f139 − f
1
46/2 + f
1
82/2 + i9 − 2i18)V
1
87
40
+ (f140 + f
1
47/2 + f
1
58/4 + f
1
89/2 + i8 − i12 + i20)V
1
88
+ (f142 − f
1
58/2 + f
1
90 + 2i12)V
1
89
+ (f151/2− f
1
65/2− f
1
67/2− 2f
1
75 − 3f
1
77 − i11 + i14)V
1
90
+ (−f151/2 + f
1
53/2 + f
1
65/2 + 3f
1
77 − i14 − i15)V
1
91
+ (−f159/2− 2f
1
76 − 2i12)V
1
92
+ (2f141 − 2f
1
82 + 2f
1
86 + 8i18 − 2i19)V
1
93
+ (2f143 − 2f
1
89 − 4f
1
90 − 4i20)V
1
94
+ (−2f155 − f
1
64 − 12f
1
78 − 16f
1
83 + 8f
1
84 − 4i10 + 2i13 + 16i18)V
1
95
+ (2f155 − 8f
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1
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1
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+ (b14 + 4b
1
5 − 4b
1
6 + 2b
1
7 + 2b
1
8 + b
1
9 − 2b
1
10 + 6b
1
11 − 8f
1
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9
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16 − 2f
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23
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11 − 4f
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14
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24
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18)V
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25
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26
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55 − 2f
1
64 + f
2
25)V
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53 − 2f
1
58 − f
2
3 − f
2
19/2− f
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49 − f
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24)V
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1
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60 − f
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22)V
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+ (2f133 + 4f
1
43 − 2f
1
62 + 2f
1
63)V
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1
36 − 4f
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43 − 2f
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63 + 2f
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17)V
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56
+ (4f143 − 2f
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1
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3
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3
15
+ (−2f116 − 2f
1
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2
21 + 2f
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2
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3
16
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1
33 + f
2
10 + f
2
11 + f
2
12 + f
2
13 − 2f
2
21 + 2f
2
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2
23 + 2f
2
24 + 4i5)V
3
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+ (−2f118 − 4f
1
34 + f
2
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2
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2
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2
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1
35 + f
2
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2
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2
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2
17)V
3
19
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1
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2
21 − 2f
2
22)V
3
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+ (−2f121 + 2f
1
36 − 2f
2
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2
9 − f
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10 − f
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11 − f
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2
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2
24)V
3
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5 /2− f
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21 + f
2
22)V
3
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+ (−2f123 + 2f
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8 /2 + f
2
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2
11/2 + f
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2
21 + f
2
22)V
3
23
+ (−2f144 + f
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15/2− f
2
16/2 + 8i7)V
3
44
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3
45
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3 /2− f
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3
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2
16 + 2f
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2
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3
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1
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2
16/2− f
2
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78 − f
2
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3
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1
78 − f
2
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2
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3
57
+ (−2f158 − f
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19/2 + f
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20/2− 8i12)V
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2
8 − f
2
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3
59
45
+ (−2f160 + 2f
1
80 − f
2
10/2− f
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11/2− f
2
12/2− f
2
13/2− f
2
21 + f
2
22 − f
2
23 + f
2
24 − 8i12)V
3
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+ (−2f161 − 2f
1
80 − f
2
10/2− f
2
11/2− f
2
12/2− f
2
13/2− f
2
17)V
3
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+ (−2f162 − 4f
1
80 + 2f
2
17 − 2f
2
21 + 2f
2
22 − 2f
2
23 + 2f
2
24 − 8i13)V
3
62
+ (−2f163 + 4f
2
17 − 2f
2
23 + 2f
2
24 − 8i13)V
3
63
+ (−2f164 − f
2
15 + f
2
16 − 4i13)V
3
64
+ (−2f165 + f
2
1/2 + f
2
2 /2− 4i14 − 4i15)V
3
65
+ (−2f166 + f
2
5/2− f
2
21 + f
2
22 − f
2
23 + f
2
24 − 8i14)V
3
66
+ (−2f167 + f
2
3/2 + f
2
4 /2 + 4i15)V
3
67
+ (−2f168 + f
2
19 − f
2
20 + 4i16 − 8i17)V
3
68
+ (−2f169 + 2f
1
81 − f
2
6 /2− f
2
21 + f
2
22)V
3
69
+ (−2f170 − 2f
1
81 − f
2
5 /2− f
2
6 /2− f
2
23 + f
2
24 + 8i15)V
3
70
+ (−2f171 − 4f
1
81 + f
2
19 − f
2
20 − 8i16 − 8i17)V
3
71
+ (−2f172 − f
2
5/2 + f
2
21 − f
2
22)V
3
72
+ (−2f173 − f
2
19 + f
2
20 + 2f
2
23 − 2f
2
24)V
3
73
+ (−2f174 + f
2
19 − f
2
20 + 2f
2
23 − 2f
2
24 − 24i17)V
3
74
+ (−2f182 − f
2
15/4 + f
2
16/4− 8i18)V
3
82
+ (−2f183 − 4f
1
91 − f
2
18/4)V
3
83
+ (−2f184 − 8f
1
91 + f
2
18/4 + 4i18)V
3
84
+ (−2f185 − 4f
1
92 − f
2
21/2 + f
2
22/2− f
2
23/4 + f
2
24/4− 2i20)V
3
85
+ (−2f186 + f
2
15/4− f
2
16/4− 2i19)V
3
86
+ (−2f187 + f
2
17 + f
2
23/2− f
2
24/2 + 4i19)V
3
87
+ (−2f188 − 8f
1
92 + f
2
17/2 + f
2
21/2− f
2
22/2 + f
2
23/2− f
2
24/2 + 4i19)V
3
88
+ (−2f189 + 4i20)V
3
89
+ (−2f190 + f
2
19/4− f
2
20/4)V
3
90.
The local supersymmetry is achieved when all the coefficients of the bases vanish. Thus we
have 264 simultaneous equations for 152 variables, and this requirement is quite nontrivial2.
2The coefficient of V 125 is 0, so we have 263 equations in fact.
46
5 Results
The cancellation of the supersymmetric variations (4.34) now gives us the 264 simultaneous
equations among the 152 variables of b11∼13, b
2
1,2, f
1
1∼92, f
2
1∼25 and i1∼20. We solved these
equations by using computer programming, and found that solutions are represented by 15
parameters.
We can choose the following 15 coefficients
b13, b
1
5, b
1
8, b
1
10, b
1
11, b
1
12, b
1
13, b
2
2,
i7, i11, i14, i15, i18, i19, i20, (5.1)
as independent parameters, and the other 137 variables are solved like
b11 = b
2
2,
b12 = 2b
1
3 + 32b
2
2,
b14 = −2b
1
5 − 32b
2
2,
b16 = −16b
2
2,
b17 = −b
1
8 − b
1
10/2 + b
1
11 + 2b
1
12 + b
1
13/2− 16b
2
2,
b19 = b
1
10 − 2b
1
11 − 4b
1
12 − b
1
13 − 32b
2
2,
b21 = −b
2
2/4,
f11 = b
1
10/4− b
1
11/2− b
1
12 + 8b
2
2 + 8i7 + 4i20,
f12 = −b
1
10/2 + b
1
11 + 2b
1
12 + 8b
2
2 + 2i11 + 2i15 + 8i18 − 2i19 − 4i20,
f13 = b
1
10/2− b
1
11 − 2b
1
12 + 64b
2
2 + 8i14 − 8i15 − 16i19 − 8i20,
f14 = −b
1
10/16 + b
1
11/8 + b
1
12/4 + 5b
2
2 − i19 − i20, (5.2)
f15 = b
1
10/4− b
1
11/2− b
1
12 − 16b
2
2 + 4i20,
f16 = −4b
1
3 − b
1
10/4 + b
1
11/2 + b
1
12 − 16b
2
2 + 8i7 − 4i19,
f17 = b
1
10/4− b
1
11/2− b
1
12 − 28b
2
2 − 2i11 − 8i18 + 4i19 + 4i20,
f18 = −2b
1
3 − b
1
10/8 + b
1
11/4 + b
1
12/2 − 4i7 − 2i19 − 2i20,
f19 = b
1
5/8− b
1
10/16 + b
1
11/8 + b
1
12/4 + 10b
2
2 + i11 − i19 − i20,
f110 = −b
1
5/4− b
1
10/8 + b
1
11/4 + b
1
12/2 + 12b
2
2 + 2i14 + 8i18 − 4i19 − 4i20,
f111 = −b
1
10/8 + b
1
11/2− b
1
12/2 + 2i15,
f112 = −b
1
10/4 + b
1
11/2− 3b
1
12 − 16b
2
2 + 4i15 − 16i18 + 8i19 + 4i20,
f113 = b
1
11/2− 2b
1
12 − 32b
2
2 − 4i11 − 16i18 + 4i19 + 8i20,
f114 = b
1
10/8− b
1
11/4 + 3b
1
12/2 + 16b
2
2 + 2i11 + 16i18 − 6i19 − 6i20,
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f115 = −b
1
8/2− b
1
10/4 + b
1
11/2 + b
1
12 + 16b
2
2 + 4i14 − 4i15 − 8i19 − 4i20,
f116 = −b
1
8 + b
1
13 − 48b
2
2 + 8i20,
f117 = −b
1
8 − b
1
10/2 + b
1
11 + 2b
1
12 + 8i19 + 8i20,
f118 = b
1
8/2 + b
1
10/2− b
1
11 − 2b
1
12 − b
1
13/2− 24b
2
2 − 4i11 − 16i18 + 8i19 + 8i20,
f119 = −b
1
10/2 + b
1
11 + 2b
1
12 − 8i14 + 8i15 + 16i19 + 8i20,
f120 = −b
1
10 + 2b
1
11 + 4b
1
12 + 64b
2
2 − 8i15 − 8i19 − 8i20,
f121 = b
1
10 − 2b
1
11 − 4b
1
12 − 96b
2
2 − 8i14 + 8i15 + 8i19,
f122 = b
1
10/4− b
1
11/2 − b
1
12 − 24b
2
2 − 8i14 − 4i15 + 4i20,
f123 = −3b
1
10/4 + 3b
1
11/2 + 3b
1
12 + 72b
2
2 + 4i11 + 4i14 + 16i18 − 12i19 − 16i20,
f124 = −b
2
2/2,
f125 = 4b
2
2,
f126 = 4b
2
2,
f127 = −b
2
2,
f128 = 0,
f129 = 2b
2
2,
f130 = −b
1
10/4 + b
1
11/2 + b
1
12 − 8b
2
2,
f131 = 2b
2
2,
f132 = 0,
f133 = 16b
2
2,
f134 = −8b
2
2 + 4i19,
f135 = −8b
2
2,
f136 = b
1
10/2− b
1
11 − 2b
1
12 − 16b
2
2,
f137 = 16b
2
2 − 4i19,
f138 = −b
1
10/4 + b
1
11/2 + b
1
12 + 12b
2
2 + 4i7 − 4i19 − 4i20,
f139 = −2b
2
2 − i11,
f140 = 8b
2
2 − 2i15 − 2i19 − 4i20,
f141 = b
1
10/4− b
1
11/2 − b
1
12 − 12b
2
2 − 8i18 + 4i19 + 4i20,
f142 = b
1
10/4− b
1
11/2 − b
1
12 − 32b
2
2 − 4i14 + 4i15 + 8i19 + 12i20,
f143 = −b
1
10/4 + b
1
11/2 + b
1
12 − 4i20,
f144 = −b
1
10/4 + b
1
11/2 + b
1
12 + 12b
2
2 + 4i7 − 2i19 − 4i20,
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f145 = b
1
10/16− b
1
11/8− b
1
12/4− 2i7 + i19 + i20,
f146 = −2b
2
2 − i11 − 4i18,
f147 = −b
1
10/8 + b
1
11/4 + b
1
12/2 + 8b
2
2 + 2i14 − 2i19 − 4i20,
f148 = −b
1
10/8 + b
1
11/4 + b
1
12/2 + 4b
2
2 + 2i14 − 2i20,
f149 = −8b
2
2 − 2i11 − 8i18,
f150 = b
1
10/8− b
1
11/4− b
1
12/2− 12b
2
2 − 2i14 + 2i19 + 4i20,
f151 = 8b
2
2 − 2i14 + 8i18 − 2i19,
f152 = −8b
2
2 − 16i18 + 4i19 + 4i20,
f153 = 4b
2
2 + 2i15 + 8i18,
f154 = b
1
10/4− b
1
11/2− b
1
12 − 16b
2
2 − 16i18 + 4i19 + 8i20,
f155 = −b
1
10/8 + b
1
11/4 + b
1
12/2 + 12b
2
2 + 8i18 − 2i19 − 2i20,
f156 = −b
1
10/16 + b
1
11/8 + b
1
12/4 + 8b
2
2 + 4i18 − i19 − i20,
f157 = 4b
2
2 + i11 + 4i18,
f158 = b
1
10/4− b
1
11/2− b
1
12 − 32b
2
2 − 4i14 + 4i15 + 8i19 + 12i20,
f159 = b
1
10/2− b
1
11 − 2b
1
12 − 32b
2
2 − 4i14 + 4i15 + 8i19 + 12i20,
f160 = b
1
10/4− b
1
11/2− b
1
12 − 24b
2
2 + 4i19 + 4i20,
f161 = −b
1
10/4 + b
1
11/2 + b
1
12 + 24b
2
2 + 4i14 − 4i15 − 8i19 − 12i20,
f162 = 8i20,
f163 = b
1
10/2− b
1
11 − 2b
1
12 − 16b
2
2 + 16i20,
f164 = −8b
2
2,
f165 = −8b
2
2 + 4i19,
f166 = 16b
2
2 + 4i20,
f167 = −4b
2
2 − 2i11 − 8i18,
f168 = −b
1
10/2 + b
1
11 + 2b
1
12 − 8i20,
f169 = 24b
2
2 − 4i15 − 4i19 − 4i20,
f170 = −8b
2
2 − 4i14 + 4i19 + 8i20,
f171 = −8i20,
f172 = b
1
10/4− b
1
11/2− b
1
12 − 24b
2
2 − 4i14 + 4i19 + 4i20,
f173 = 16b
2
2 − 8i19,
f174 = 16b
2
2 − 8i19 − 8i20,
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f175 = 2b
2
2 + 4i18,
f176 = −b
1
10/8 + b
1
11/4 + b
1
12/2− 2i20,
f177 = 2b
2
2 − i19,
f178 = 0,
f179 = 0,
f180 = 0,
f181 = b
1
10/4− b
1
11/2− b
1
12,
f182 = b
1
10/8− b
1
11/4− b
1
12/2− 6b
2
2 − 4i18 + i19 + 2i20,
f183 = b
1
10/32− b
1
11/16− b
1
12/8− 3b
2
2/2 + i19/2 + i20/2,
f184 = −b
1
10/32 + b
1
11/16 + b
1
12/8 + 3b
2
2 + 2i18 − i19/2 − i20/2,
f185 = b
1
10/16− b
1
11/8− b
1
12/4− 4b
2
2 + i19 + i20,
f186 = −b
1
10/8 + b
1
11/4 + b
1
12/2 + 6b
2
2 − 2i19 − 2i20,
f187 = b
1
10/8− b
1
11/4− b
1
12/2− 4b
2
2,
f188 = −4b
2
2 − 2i20,
f189 = 2i20,
f190 = −b
1
10/8 + b
1
11/4 + b
1
12/2− 4i20,
f191 = −b
2
2/4,
f192 = b
2
2,
f21 = −32b
2
2 − 8i11 + 16i14 + 8i15 − 32i18 + 8i19,
f22 = 8i11 − 8i14 + 32i18 + 8i19,
f23 = −b
1
10/2 + b
1
11 + 2b
1
12 + 96b
2
2 + 8i11 − 16i15 + 32i18 − 24i19 − 24i20,
f24 = b
1
10/2− b
1
11 − 2b
1
12 − 112b
2
2 − 16i11 + 8i15 − 64i18 + 24i19 + 24i20,
f25 = −b
1
10 + 2b
1
11 + 4b
1
12 + 96b
2
2 + 16i14 − 16i19 − 16i20,
f26 = b
1
10 − 2b
1
11 − 4b
1
12 − 96b
2
2 + 16i15 + 16i19 + 16i20,
f27 = b
1
10 − 2b
1
11 − 4b
1
12 − 128b
2
2 − 16i11 − 64i18 + 16i19 + 16i20,
f28 = b
1
10 − 2b
1
11 − 4b
1
12 − 32i7 − 16i15,
f29 = −2b
1
10 + 4b
1
11 + 8b
1
12 + 128b
2
2 + 32i7 + 16i14 − 32i19 − 32i20,
f210 = −32b
2
2 + 16i15 + 16i19 + 16i20,
f211 = −b
1
10 + 2b
1
11 + 4b
1
12 + 128b
2
2 + 16i11 + 64i18 − 16i19 − 16i20,
f212 = −b
1
10 + 2b
1
11 + 4b
1
12 + 32i7 − 16i14,
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f213 = 2b
1
10 − 4b
1
11 − 8b
1
12 − 160b
2
2 − 32i7 − 16i11 − 64i18 + 32i19 + 32i20,
f214 = −b
1
10/4 + b
1
11/2 + b
1
12 + 8b
2
2 + 8i7 − 4i19 − 4i20,
f215 = −b
1
10/2 + b
1
11 + 2b
1
12 + 8i19 − 8i20,
f216 = b
1
10/2 − b
1
11 − 2b
1
12 − 48b
2
2 + 16i19 + 8i20,
f217 = b
1
10/2 − b
1
11 − 2b
1
12 − 16b
2
2 + 8i20,
f218 = −b
1
10/4 + b
1
11/2 + b
1
12 + 16b
2
2 − 4i19 − 4i20,
f219 = −64b
2
2 − 64i18 + 16i19,
f220 = b
1
10 − 2b
1
11 − 4b
1
12 − 64b
2
2 − 64i18 + 16i19 + 32i20,
f221 = b
1
10/2 − b
1
11 − 2b
1
12 − 48b
2
2 − 32i18 + 8i19 + 8i20,
f222 = b
1
10/2 − b
1
11 − 2b
1
12 − 48b
2
2 − 32i18 + 8i19 + 8i20,
f223 = −b
1
10/2 + b
1
11 + 2b
1
12 + 32b
2
2 + 32i18 − 8i19 − 16i20,
f224 = 16b
2
2 + 32i18,
f225 = −b
1
10/2 + b
1
11 + 2b
1
12 + 48b
2
2 + 32i18 − 8i19 − 8i20,
i1 = b
1
3 + b
1
10/8 − b
1
11/4− b
1
12/2− 2i7 + 3i19 + 2i20,
i2 = −b
1
5/16 − 3b
2
2 − i11/2 + i19/2,
i3 = b
1
11/4− b
1
12 + 2i15 + 2i19 + 4i20,
i4 = −b
1
12 − 16b
2
2 − i11 + i15 − 8i18 + 4i19 + 4i20,
i5 = −b
1
8/2− b
1
10/2 + b
1
11 + 2b
1
12 + 16b
2
2 + 4i14 − 4i15 − 8i19 − 12i20,
i6 = −b
1
8/4− b
1
10/4 + b
1
11/2 + b
1
12 + b
1
13/4 + 8b
2
2 + 2i14 − 4i19 − 4i20,
i8 = 4b
2
2 + i14 − i19,
i9 = −b
1
10/16 + b
1
11/8 + b
1
12/4 + 4b
2
2 + i11/2 + 2i18 − i19/2− i20,
i10 = 4b
2
2 + 4i18 − i19,
i12 = 8b
2
2 + i14 − i15 − 2i19 − i20,
i13 = b
1
10/4− b
1
11/2− b
1
12 − 8b
2
2 + 2i19 + 4i20,
i16 = −b
1
10/6 + b
1
11/3 + 2b
1
12/3,
i17 = −b
1
10/12 + b
1
11/6 + b
1
12/3− 2i20.
These solutions are the main result of our paper. We started from the higher derivative effective
action which contains 132 parameters. From the requirement of the local supersymmetry, the
number of these parameters are reduced to 15. Therefore the higher derivative effective action
has 15 parameters at this stage.
The result (5.2) is obtained by employing the computer programming, so it is important to
justify it by comparing with the results established so far. Let us focus on the bosonic part
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of the higher derivative effective action in more detail. By inserting the result (5.2) into the
effective action, the purely bosonic part of it can be written as
L[eR4]pure + L[eǫ11AR
4]
= + eRabcdRabcdRefghRefgh × (a)
+ eRabcdRabceRdfghRefgh × (−16a)
+ eRabcdRabefRcdghRefgh × (2a)
+ eRabcdRaecgRbfdhRefgh × (16a) (5.3)
+ eRabceRabdgRcfdhRefgh × (−32a)
+ eRabceRabdfRcdghRefgh × (−
1
4b)
+ eRabceRadcgRbfdhRefgh × (32a+ b)
+ eǫµ1···µ1111 Aµ1µ2µ3Rabµ4µ5Rabµ6µ7Rcdµ8µ9Rcdµ10µ11 × (
1
24a)
+ eǫµ1···µ1111 Aµ1µ2µ3Rabµ4µ5Rbcµ6µ7Rcdµ8µ9Rdaµ10µ11 × (−
1
6a),
where we defined
a = b22, b= −b
1
10 + 2b
1
11 + 4b
1
12. (5.4)
It is very surprising that the bosonic part of the higher derivative corrections are controlled
by only two parameters. This means that there are at most two superinvariants for the higher
derivative corrections. The remaining 13 parameters are redundant and will be related to some
linear combinations of a and b when the cancellation which include the 4-form field strength is
examined.
The bosonic part of the higher derivative effective action with the parameter a, which is
noted La, is deformed as
La = a
(
+ eRabcdRabcdRefghRefgh − 16eRabcdRabceRdfghRefgh
+ 2eRabcdRabefRcdghRefgh + 16eRabcdRaecgRbfdhRefgh
− 32eRabceRabdgRcfdhRefgh + 32eRabceRadcgRbfdhRefgh
+ 124ǫ
µ1···µ11
11 Aµ1µ2µ3Rabµ4µ5Rabµ6µ7Rcdµ8µ9Rcdµ10µ11
− 16ǫ
µ1···µ11
11 Aµ1µ2µ3Rabµ4µ5Rbcµ6µ7Rcdµ8µ9Rdaµ10µ11
)
= 112a
(
t8t8eR
4 − 112ǫ11t8AR
4
)
, (5.5)
where t8 is a tensor with 8 indices and defined in the appendix B. As discussed in the introduc-
tion, this form precisely matches with the result obtained by evaluating the one-loop scattering
amplitude of massless closed strings. Though we do not explain explicitly, it is also checked
that the result in ref. [15], which includes the bilinear terms of the Majorana gravitino, can be
reproduced by appropriately choosing the remaining 13 parameters.
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The bosonic part of the higher derivative effective action with the parameter b, which is
noted Lb, is transformed into
Lb = b
(
− 14eRabceRabdfRcdghRefgh + eRabceRadcgRbfdhRefgh
)
= 124×32b
(
t8t8eR
4 + 14!ǫ11ǫ11eR
4
)
. (5.6)
Again as discussed in the introduction, this form precisely matches with the result obtained by
evaluating the tree level scattering amplitude of massless closed strings.
Therefore we could derive the bosonic terms of the two superinvariants completely by im-
posing the N = 1 local supersymmetry in eleven dimensions. Note that the Noether method is
very sensitive to miscalculations. One error is fatal to the result. So the expected conclusion
here implies the correctness of our procedure.
Let us remind the discussions in the section 3. So far we have investigated the cancella-
tion of V = 0 in the eq. (3.7), where the terms which are proportional to the field equations
are neglected. Our final task is to go into a question for the modifications of the supersym-
metric transformation rules in the eq. (3.8). Here we only consider the modification of the
transformation rule for the Majorana gravitino.
The variations which contain the field equation of the Majorana gravitino only come from
those of L[eR3ψ¯ψ(2)] and are written as
X¯xE(ψ)
x ⊂
− 2e(f11RafbgRacdeRbcde + f
1
2RafbcRagdeRbcde + f
1
3RbfadRcgaeRbcde)ǫ¯γfDhψgh
− 2e(f124RefhiRabcdRabcd + f
1
25RefahRbicdRabcd + f
1
26RhiaeRbfcdRabcd
+ f127RefabRhicdRabcd + f
1
28RehabRficdRabcd + f
1
29RefabRahcdRbicd
+ f130RehabRafcdRbicd + f
1
31RhiabRaecdRbfcd + f
1
32RefacRbhadRbicd
+ f133RehacRbfadRbicd + f
1
34RhiacRbeadRbfcd + f
1
35RaechRbfdiRabcd
+ f136RaechRbfadRbicd + f
1
37RaebhRfacdRibcd)ǫ¯γefγgDgψhi (5.7)
− 2e(f138RefahRbgcdRabcd + f
1
39RefabRghcdRabcd + f
1
40RefabRagcdRbhcd
+ f141RehabRafcdRbgcd + f
1
42RefacRbgadRbhcd + f
1
43RehacRbfadRbgcd)ǫ¯γefgDiψhi
− 2e(f175RdeaiRfgbcRahbc + f
1
76RdeabRfgacRbhci)ǫ¯γdefghDjψij
− 2e(f177RdeaiRfgbcRajbc + f
1
78RijadRefbcRagbc + f
1
79RdeaiRfjbcRagbc
+ f180RdebiRafcjRagbc + f
1
81RdeabRfiacRbgcj)ǫ¯γdefgγhDhψij
− 2e(f191RcdjkRefabRghab + f
1
92RcdajRefbkRghab)ǫ¯γcdefghγiDiψjk.
Then by using the eq. (2.19), we can read off the modification of supersymmetric transformation
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rule for the Majorana gravitino, δ1ψx = −Xx, as follows.
δ1ψx =
+
(
− ηxgγh +
1
9γxγgh
)
γf
Dh{(f
1
1RafbgRacdeRbcde + f
1
2RafbcRagdeRbcde + f
1
3RbfadRcgaeRbcde)ǫ}
+
(
− 2ηk[hηi]x −
2
9γxγ[hηi]k
)
γef
Dk{(f
1
24RefhiRabcdRabcd + f
1
25RefahRbicdRabcd + f
1
26RhiaeRbfcdRabcd
+ f127RefabRhicdRabcd + f
1
28RehabRficdRabcd + f
1
29RefabRahcdRbicd
+ f130RehabRafcdRbicd + f
1
31RhiabRaecdRbfcd + f
1
32RefacRbhadRbicd
+ f133RehacRbfadRbicd + f
1
34RhiacRbeadRbfcd + f
1
35RaechRbfdiRabcd
+ f136RaechRbfadRbicd + f
1
37RaebhRfacdRibcd)ǫ}
−
(
− ηxhγi +
1
9γxγhi
)
γefg
Di{(f
1
38RefahRbgcdRabcd + f
1
39RefabRghcdRabcd + f
1
40RefabRagcdRbhcd
+ f141RehabRafcdRbgcd + f
1
42RefacRbgadRbhcd + f
1
43RehacRbfadRbgcd)ǫ} (5.8)
+ (−ηxiγj +
1
9γxγij)γdefgh
Dj{(f
1
75RdeaiRfgbcRahbc + f
1
76RdeabRfgacRbhci)ǫ}
−
(
− 2ηk[iηj]x −
2
9γxγ[iηj]k
)
γdefg
Dk{(f
1
77RdeaiRfgbcRajbc + f
1
78RijadRefbcRagbc + f
1
79RdeaiRfjbcRagbc
+ f180RdebiRafcjRagbc + f
1
81RdeabRfiacRbgcj)ǫ}
+
(
− 2ηm[jηk]x −
2
9γxγ[jηk]m
)
γcdefgh
Dm{(f
1
91RcdjkRefabRghab + f
1
92RcdajRefbkRghab)ǫ}.
In this expression we neglect the torsion terms. The coefficients are chosen as the eq. (5.2).
6 Conclusions and Discussions
In this paper we constructed the part of the higher derivative effective action of the M-theory
by applying the Noether method with respect to the N = 1 local supersymmetry. The Noether
method also makes it possible to derive the modifications of the supersymmetric transformation
rules.
The ansatz for the higher derivative effective action is given by the sum of L[eR4],
L[eǫ11AR
4], L[eR3ψ¯ψ(2)] and L[eR
2ψ¯(2)Dψ(2)], which are given by the eqs. (4.5), (4.7), (4.9)
and (4.11) respectively. The ansatz contains totally 132 terms. The variations of the ansatz are
expanded by the 264 bases of V [eR4ǫ¯ψ], V [eR2DRǫ¯ψ(2)] and V [eR
3ǫ¯Dψ(2)], which are given by
the eqs. (4.16), (4.18) and (4.19) respectively. The terms of V [eR4ǫ¯ψ] and V [eR3ǫ¯Dψ(2)] are
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related by the 20 identities (4.20). The results of the variations of the ansatz are expanded by
the 264 bases as the eqs. (4.24), (4.25), (4.29) and (4.31). Notice that these variations do not
contain terms which are proportional to the field equations. The N = 1 local supersymmetry
requires the cancellation of the variations, and it gives us 264 simultaneous equations among
the coefficients of the terms in the ansatz. We found that the 15 parameters (5.1) are not
determined and the other coefficients are solved like (5.2).
Among 15 parameters, only two are related to the coefficients of the bosonic part. As a result,
we obtained two candidates of the superinvariants which completely match with the results
obtained by type IIA string perturbative calculations. We also derived the higher derivative
modifications to the supersymmetric transformation rules (5.8). Thus it seems that the local
supersymmetry is powerful enough to determine the structure of the higher derivative effective
action.
As a next future work, we will try to construct the effective action of the M-theory which
includes the terms which depend on the 4-form field strength[29]. Though there are difficulties
to treat the vast number of 4-form field strength terms as well, the techniques here, namely the
calculations by hand and computer programming, will lead us to the complete effective action
of the M-theory.
Following works in refs.[30, 31], it has recently been shown that if we take into account
higher derivative corrections to the effective action of heterotic string theory, the entropy of the
black hole computed from the degeneracy of elementary string states agrees with the entropy
computed from the classical calculation[32]. So if we can obtain the higher derivative corrections
including the R-R potential terms in the type IIA superstring theory, it is interesting to apply
them to the special cases of black hole whose entropy vanishes in the classical supergravity, for
example, the supertube solutions with two charges. The corrected supersymmetric transforma-
tions will also be useful to investigate them. Applications to black hole physics, brane solutions
or cosmology are also important directions[33, 34, 35].
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Appendix
A Notations
Field content of the 11 dimensional supergravity consists of the vielbein eµa, the Majorana
gravitino ψµ and the three-form potential Aµνρ. The spin connection ωµ
ab is the gauge field for
the local Lorentz group and expressed by other fields as
ωµ
ab = −eaνebρeµc∂[νe
c
ρ] + e
bρ∂[ρe
a
µ] − e
aρ∂[ρe
b
µ]
+ eaνebρ(Γµ[νρ] − Γν[ρµ] + Γρ[νµ]). (A.1)
To derive this equation we used the vielbein postulate Dµe
ν
a + Γ
ν
µρe
ρ
a = 0. The Γ
ρ
µν is the
connection and the T ρµν = 2Γ
ρ
[µν] is the torsion. The indices in the brackets are antisym-
metrized completely. By solving the equation of motion for the spin connection, the torsion is
written by a bilinear of the Majorana gravitino.
Γρ[µν] =
1
4 ψ¯[µγ
ρψν] −
1
8 ψ¯αγµν
ραβψβ. (A.2)
The field strengths are defined as follows.
Rabµν = 2∂[µων]
ab + 2ω[µ
a
cων]
cb, Rabcd = e
µ
ce
ν
dRabµν ,
ψµν = 2D[µψν], ψab = 2D[aψb], (A.3)
Fµνρσ = 4∂[µAνρσ], Fabcd = e
µ
ae
ν
be
ρ
ce
σ
dFµνρσ .
For the calculation, we use following notations.
ψ¯µ = −ψ
T
µC
−1, CT = −C, X¯ = CXTC−1, γ¯n = (−1)
n(n+1)
2 γn.
ψ¯1Xψ2 = ψ¯2X¯ψ1, D¯ǫXψ ≃ −ǫ¯D(Xψ), ψ¯1XDψ2 ≃ −ψ¯2D(X¯ψ1) (A.4)
The last approximations are the equations up to the total derivative.
The supersymmetry transformations of the building blocks are given by
δe = ǫ¯γaψa,
δRabcd = −Rabceǫ¯γeψd +Rabdeǫ¯γeψc + 2D[cδωd]ab + Tecdδωeab.
δψa = d1Daǫ+ d2Fajklγjklǫ+ d3Fijklγijklaǫ+O(ψ
2),
δψab =
1
4d1Rxyabγ
xyǫ+ 2d2D[a(Fb]jklγ
jklǫ) + 2d3D[a(F
ijklγijklb]ǫ) +O(ψ
2), (A.5)
δFabcd = −4Fe[bcdǫ¯γ
eψa] + 4d4D[a(ǫ¯γbcψd]) + 4d5D[a(ǫ¯γbcdeψe]) +O(ψ
3),
where d1 = 2, d2 = −
1
18 , d3 =
1
144 , d4 = −3 and d5 = 0.
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B The structure of t8t8R
4 and ǫ11ǫ11R
4
In this section, we show the structure of t8t8R
4 and ǫ11ǫ11R
4 explicitly.
The definition of tabcdefgh8 R1abR2cdR3efR4gh is given by
tabcdefgh8 R1abR2cdR3efR4gh
= −2(trR1R2trR3R4 + trR1R3trR2R4 + trR1R4trR2R3)
+ 8(trR1R2R3R4 + trR1R3R2R4 + trR1R3R4R2) (B.1)
= −2(R1abR2baR3cdR4dc +R1abR3baR2cdR4dc +R1abR4baR2cdR3dc)
+ 8(R1abR2bcR3cdR4da +R1abR3bcR2cdR4da +R1abR3bcR4cdR2da).
Then the 4-point amplitude term t8t8R
4 are
tijklmnpq8 t
abcdefgh
8 RijabRklcdRmnefRpqgh
= −2tijklmnpq8 (RijabRklbaRmncdRpqdc +RijabRmnbaRklcdRpqdc +RijabRpqbaRklcdRmndc)
+ 8tijklmnpq8 (RijabRklbcRmncdRpqda +RijabRmnbcRklcdRpqda +RijabRmnbcRpqcdRklda)
= +12(RabcdR
abcd)2 + 24RijabRijcdRmnabRmncd
− 96RijabRijcdRmnadRmncb − 192RijabRijbcRmncdRmnda (B.2)
+ 192RijabRjkbcRklcdRlida + 384RijabRklbcRjkcdRlida
= 12(A1 − 16A2 + 2A3 − 32A5 + 16A6 + 32A7) .
Here we give definitions again. µ, ν are general coordinates indices and a, b are Lorentz indices.
A1, · · ·A7 are given by eq.(4.6).
The topological term, ǫ11ǫ11R
4 = ǫαβγijklmnpq11 ǫ11αβγ
abcdefghRijabRklcdRmnefRpqgh, is ex-
pressed as
− 13!·8!ǫ
αβγijklmnpq
11 ǫ11αβγ
abcdefghRijabRklcdRmnefRpqgh
= δijklmnpq[abcdefgh]RijabRklcdRmnefRpqgh
= 17·5!(A1 − 16A2 + 2A3 + 16A4 − 32A5 + 16A6 − 32A7). (B.3)
Finally we obtain
t8t8R
4 + 14·3!ǫ11ǫ11R
4 = 12(A1 − 16A2 + 2A3 − 32A5 + 16A6 + 32A7)
− 12(A1 − 16A2 + 2A3 − 32A5 + 16A6 − 32A7 + 16A4)
= 3 · 28(A7 −
1
4A4) , (B.4)
which corresponds to eq.(5.6).
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C Classifications of [R2], [R3], [R4] and [R2DR]
• Classification of [R2].
The types of [R2] are classified by the positions of the contracted indices. As an example, let
us consider a quadratic term R bcdR bcd where b, c and d are the contracted indices and blanks
are arbitrary. This term is classified by the positions of the contracted indices as {3, 3}{3}.
The {3, 3} shows that the number of the contracted indices in each Riemann tensor. That is,
the first and the second Riemann tensor contains three contracted indices, respectively. The
contracted index b is contained in the first and the second Riemann tensor, so the numbers (1, 2)
are assigned for this index. Similarly for the indices c and d, the numbers (1, 2) are assigned,
and totally this example has the numbers of (1, 2)3. The {3} represents the number of the
power of (1, 2)3. The numbers are aligned in order of rising. Thus the example R bcdR bcd is
classified by the numbers of {3, 3}{3} which are not affected by the properties of the Riemann
tensor. The types of [R2] are classified in this way and the complete list is given as follows.
{1, 1}{1} R dR d,
{2, 2}{2} R c dR c d,
{3, 3}{3} R bcdR bcd, (C.1)
{4, 4}{4} RabcdRabcd.
The above result is checked both by hand and by the computer programming independently.
• Classification of [R3].
The types of [R3] are classified by the positions of the contracted indices. As an example, let us
consider a cubic term R cR b dR bcd where b, c and d are the contracted indices and blanks
are arbitrary. This term is classified by the positions of the contracted indices as {1, 2, 3}{1, 2}.
The {1, 2, 3} shows that the number of the contracted indices in each Riemann tensor. That is,
the first Riemann tensor contains one contracted index, the second does two and the third does
three. The contracted index c is contained in the first and the third Riemann tensor, so the
numbers (1, 3) are assigned for this index. Similarly for the indices b and d, the numbers (2, 3)
are assigned, and totally this example has the numbers of (1, 3)1(2, 3)2. The {1, 2} represents
the numbers of the powers of (1, 3)1 and (2, 3)2. The numbers are aligned in order of rising.
Thus the example R cR b dR bcd is classified by the numbers of {1, 2, 3}{1, 2} which are not
affected by the properties of the Riemann tensor. The types of [R3] are classified in this way
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and the complete list is given as follows.
{0, 1, 1}{1} R R dR d,
{0, 2, 2}{2} R R c dR c d,
{1, 1, 2}{1, 1} R cR dR c d,
{0, 3, 3}{3} R R bcdR bcd,
{1, 2, 3}{1, 2} R cR b dR bcd,
{2, 2, 2}{1, 1, 1} R b cR b dR c d,
{0, 4, 4}{4} R RabcdRabcd, (C.2)
{1, 3, 4}{1, 3} R aR bcdRabcd,
{2, 2, 4}{2, 2} R a cR b dRabcd,
{2, 3, 3}{1, 1, 2} R a bR acdR bcd, R a cR badR bcd,
{2, 4, 4}{1, 1, 3} R e aRebcdRabcd,
{3, 3, 4}{1, 2, 2} R eabR ecdRabcd, R aecR bedRabcd,
{4, 4, 4}{2, 2, 2} RefabRefcdRabcd, ReafcRebfdRabcd.
The above result is checked both by hand and by the computer programming independently.
• Classification of [R4].
The types of [R4] are classified by the positions of the contracted indices. As an example, let us
consider a quartic term R e fR eafR bcdRabcd where a, b, c, d, e and f are contracted by the flat
metric and blanks are arbitrary. This term is classified by the positions of the contracted indices
as {2, 3, 3, 4}{1, 2, 3}. The {2, 3, 3, 4} shows that the number of the contracted indices in each
Riemann tensor. That is, the first Riemann tensor contains two contracted indices, the second
does three, the third does three and the fourth does four. The contracted index a is contained
in the second and the fourth Riemann tensor, so the numbers (2, 4) are assigned for this index.
In a similar way the numbers (3, 4), (3, 4), (3, 4), (1, 2) and (1, 2) are assigned for the indices b,
c, d, e and f , respectively, and totally this example has the numbers of (2, 4)1(1, 2)2(3, 4)3. The
{1, 2, 3} represents the numbers of the powers of (2, 4)1, (1, 2)2 and (3, 4)3. The numbers are
aligned in order of rising. Thus the example R e fR eafR bcdRabcd is classified by the numbers
of {2, 3, 3, 4}{1, 2, 3} which are not affected by the properties of the Riemann tensor. The types
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of [R4] are classified in this way and the complete list is given as follows.
{0, 0, 1, 1}{1} R R R dR d,
{0, 0, 2, 2}{2} R R R c dR c d,
{0, 1, 1, 2}{1, 1} R R cR dR c d,
{1, 1, 1, 1}{1, 1} R cR cR dR d,
{0, 0, 3, 3}{3} R R R bcdR bcd,
{0, 1, 2, 3}{1, 2} R R cR b dR bcd,
{1, 1, 1, 3}{1, 1, 1} R bR cR dR bcd,
{0, 2, 2, 2}{1, 1, 1} R R b cR b dR c d,
{1, 1, 2, 2}{1, 1, 1} R bR cR b dR c d,
{1, 1, 2, 2}{1, 2} R bR bR c dR c d,
{0, 0, 4, 4}{4} R R RabcdRabcd,
{0, 1, 3, 4}{1, 3} R R aR bcdRabcd,
{0, 2, 2, 4}{2, 2} R R a cR b dRabcd,
{1, 1, 2, 4}{1, 1, 2} R aR cR b dRabcd,
{0, 2, 3, 3}{1, 1, 2} R R a bR acdR bcd, R R a cR badR bcd,
{1, 1, 3, 3}{1, 3} R aR aR bcdR bcd,
{1, 1, 3, 3}{1, 1, 2} R aR bR acdR bcd, R aR bR cadR cbd, (C.3)
{1, 2, 2, 3}{1, 1, 2} R aR a cR b dR bcd,
{1, 2, 2, 3}{1, 1, 1, 1} R cR a bR a dR bcd,
{2, 2, 2, 2}{1, 1, 1, 1} R a bR a cR b dR c d,
{2, 2, 2, 2}{2, 2} R a bR a bR c dR c d,
{0, 2, 4, 4}{1, 1, 3} R R a bRaecdRbecd,
{1, 1, 4, 4}{1, 4} R eR eRabcdRabcd,
{1, 1, 4, 4}{1, 1, 3} R aR bRaecdRbecd,
{0, 3, 3, 4}{1, 2, 2} R R eabR ecdRabcd, R R aebR cedRacbd,
{1, 2, 3, 4}{1, 1, 3} R eR e aR bcdRabcd,
{1, 2, 3, 4}{1, 2, 2} R eR a bR cedRacbd,
{1, 2, 3, 4}{1, 1, 1, 2} R aR e bR ecdRabcd, R aR e bR cedRacbd,
{2, 2, 2, 4}{1, 1, 1, 2} R e aR e bR c dRacbd,
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{1, 3, 3, 3}{1, 1, 1, 2} R eR aebR acdR bcd, R eR aebR cadR cbd,
{2, 2, 3, 3}{2, 3} R e aR e aR bcdR bcd,
{2, 2, 3, 3}{1, 1, 1, 2} R e aR e bR acdR bcd, R e aR e bR cadR cbd,
{2, 2, 3, 3}{1, 2, 2} R a bR c dR aebR ced,
{2, 2, 3, 3}{1, 1, 1, 1, 1} R a cR b dR aebR ced, R a dR b cR aebR ced,
{0, 4, 4, 4}{2, 2, 2} R RefabRefcdRabcd, R ReafbRecfdRacbd,
{1, 3, 4, 4}{1, 1, 1, 3} R eR aebRafcdRbfcd,
{1, 3, 4, 4}{1, 1, 2, 2} R eR fabRefcdRabcd, R eR afbRecfdRacbd,
{2, 2, 4, 4}{2, 4} R e fR e fRabcdRabcd,
{2, 2, 4, 4}{1, 1, 1, 3} R e aR e bRafcdRbfcd,
{2, 2, 4, 4}{2, 2, 2} R e fR a bRecfdRacbd,
{2, 2, 4, 4}{1, 1, 1, 1, 2} R e aR f bRefcdRabcd, R e aR f bRecfdRacbd,
{2, 3, 3, 4}{1, 2, 3} R e fR eafR bcdRabcd,
{2, 3, 3, 4}{1, 1, 2, 2} R e fR eabR fcdRabcd, R e fR aebR cfdRacbd,
R a bR cefR defRacbd, R a bR ecfR edfRacbd,
{2, 3, 3, 4}{1, 1, 1, 1, 2} R e aR ebfR fcdRabcd, R e aR fbeR fcdRabcd,
R e aR ebfR cfdRacbd, R e aR fbeR cfdRacbd,
{3, 3, 3, 3}{3, 3} R eabR eabR fcdR fcd,
{3, 3, 3, 3}{1, 1, 2, 2} R eabR fabR ecdR fcd, R aebR afbR ecdR fcd,
R aebR afbR cedR cfd,
{3, 3, 3, 3}{1, 1, 1, 1, 1, 1} R aecR bedR afbR cfd, R eacR bedR afbR cfd,
R aecR bedR afbR dfc, R eacR bedR afbR dfc,
{2, 4, 4, 4}{1, 1, 2, 3} R e fReafbRagcdRbgcd,
{2, 4, 4, 4}{1, 1, 1, 2, 2} R e fRegabRfgcdRabcd, R e fReagbRfcgdRacbd,
{3, 3, 4, 4}{3, 4} R efgR efgRabcdRabcd,
{3, 3, 4, 4}{1, 1, 2, 3} R aefR befRagcdRbgcd, R eafR ebfRagcdRbgcd,
{3, 3, 4, 4}{1, 2, 2, 2} R efgR eabRfgcdRabcd, R fegR aebRfcgdRacbd,
{3, 3, 4, 4}{1, 1, 1, 1, 1, 2} R aefR begRfgcdRabcd, R aefR gebRfgcdRabcd,
R aefR begRfcgdRacbd, R aefR gebRfcgdRacbd,
{3, 3, 4, 4}{1, 3, 3} R afgR bcdReafgRebcd,
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{3, 3, 4, 4}{1, 1, 1, 2, 2} R agbR dfcReafbRecgd, R agbR cfdReafbRecgd,
R bgaR dfcReafbRecgd,
{4, 4, 4, 4}{4, 4} RabcdRabcdRefghRefgh,
{4, 4, 4, 4}{1, 1, 3, 3} RabcdRabceRdfghRefgh,
{4, 4, 4, 4}{2, 2, 2, 2} RabcdRabefRcdghRefgh, RabcdRaecgRbfdhRefgh,
{4, 4, 4, 4}{1, 1, 1, 1, 2, 2} RabceRabdgRcfdhRefgh, RabceRabdfRcdghRefgh,
RabceRadcgRbfdhRefgh.
The result there is checked both by hand and by the computer programming independently.
• Classification of [R2DR] with the index of the covariant derivative unfilled.
The types of [R2DR] are classified by the positions of the contracted indices. As an example,
let us consider a quartic term R c dR cbdDbR , where b, c and d are contracted by the flat
metric and blanks are arbitrary. This term is classified by the positions of the contracted
indices as {2, 3, 1}{1, 2}. The numbers of 2 and 3 in {2, 3, 1} represent the numbers of the
contracted indices in the first and the second Riemann tensor, respectively. The last number 1
in {2, 3, 1} represents the number of the contracted indices in the covariant derivative and the
third Riemann tensor, because the indices of the covariant derivative and the third Riemann
tensor can be exchanged by using the Bianchi identity of the Riemann tensor. Thus the index of
the covariant derivative is grouped into the position of the third Riemann tensor. The contracted
index b is contained in the second Riemann tensor and the third position, so the numbers (2, 3)
are assigned for this index. In a similar way the numbers (1, 2) are assigned both for the indices
c and d, and totally this example has the numbers of (2, 3)1(1, 2)2. The {1, 2} represents the
numbers of the powers of (2, 3)1 and (1, 2)2, where the numbers are aligned in order of rising.
Thus the example, R c dR cbdDbR , is classified by the numbers of {2, 3, 1}{1, 2} which are
not affected by the properties of the Riemann tensor. The types of [R2DR] with the index
of the covariant derivative unfilled are classified in this way and the complete list is given as
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follows.
{0, 1, 1}{1} R R dD R d,
{1, 1, 0}{1} R dR dD R ,
{0, 2, 2}{2} R R c dD R c d,
{1, 1, 2}{1, 1} R cR dD R c d,
{1, 2, 1}{1, 1} R cR c dD R d,
{2, 2, 0}{2} R c dR c dD R ,
{0, 3, 3}{3} R R bcdD R bcd,
{1, 2, 3}{1, 2} R bR c dD R cbd,
{1, 3, 2}{1, 2} R bR cbdD R c d,
{2, 2, 2}{1, 1, 1} R b cR b dD R c d,
{2, 3, 1}{1, 2} R c dR cbdD R b,
{3, 3, 0}{3} R bcdR bcdD R ,
{0, 4, 4}{4} R RabcdD Rabcd, (C.4)
{1, 3, 4}{1, 3} R aR bcdD Rabcd,
{2, 2, 4}{2, 2} R a cR b dD Rabcd,
{1, 4, 3}{1, 3} R aRabcdD R bcd,
{2, 3, 3}{1, 1, 2} R a bR cadD R cbd, R a bR dacD R cbd,
{2, 4, 2}{2, 2} R a cRabcdD R b d,
{3, 3, 2}{1, 1, 2} R cadR cbdD R a b, R dacR cbdD R a b,
{3, 4, 1}{1, 3} R bcdRabcdD R a,
{4, 4, 0}{4} RabcdRabcdD R ,
{2, 4, 4}{1, 1, 3} R a bRaecdD Rbecd,
{3, 3, 4}{1, 2, 2} R aecR bedD Rabcd, R ceaR bedD Rabcd,
{3, 4, 3}{1, 2, 2} R aecRabcdD R bed, R ceaRabcdD R bed,
{4, 4, 2}{1, 1, 3} RaecdRbecdD R a b,
The result above is checked both by hand and by the computer programming independently.
• Classification of [R2DR] with the index of the covariant derivative filled.
The types of [R2DR] with the index of the covariant derivative filled are classified as like the
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above and the complete list is given as follows.
{1, 1, 2}{1, 1} R cR dDcR d,
{0, 2, 2}{2} R R c dDcR d,
{1, 2, 1}{1, 1} R dR c dDcR ,
{1, 2, 3}{1, 2} R bR c dDbR c d, R cR b dDbR c d,
{0, 3, 3}{3} R R cbdDbR c d,
{2, 2, 2}{1, 1, 1} R b cR c dDbR d,
{1, 3, 2}{1, 2} R cR cbdDbR d, R cR dbcDbR d,
{2, 3, 1}{1, 2} R c dR cbdDbR ,
{1, 3, 4}{1, 3} R bR cadDaR cbd, R bR dacDaR cbd,
{0, 4, 4}{4} R RabcdDaR bcd,
{2, 2, 4}{2, 2} R a bR c dDaR cbd,
{2, 3, 3}{1, 1, 2} R a bR cbdDaR c d, R b cR badDaR c d,
R b cR dabDaR c d, (C.5)
{1, 4, 3}{1, 3} R bRacbdDaR c d,
{3, 3, 2}{1, 1, 2} R cadR cbdDaR b, R dacR cbdDaR b,
{2, 4, 2}{2, 2} R c dRacbdDaR b,
{3, 4, 1}{1, 3} R bcdRabcdDaR ,
{1, 4, 5}{1, 4} R eRabcdDeRabcd,
{2, 3, 5}{2, 3} R e aR bcdDeRabcd,
{2, 4, 4}{1, 1, 3} R a bRecadDeR cbd, R a bRedacDeR cbd,
{3, 3, 4}{1, 2, 2} R aebR cedDaR cbd, R aebR decDaR cbd,
R beaR cedDaR cbd, R beaR decDaR cbd,
{3, 4, 3}{1, 2, 2} R cadRecbdDeR a b, R dacRecbdDeR a b,
R aecRabcdDeR b d,
{4, 4, 2}{1, 1, 3} RebcdRabcdDeR a,
{3, 4, 5}{1, 2, 3} R afbRaecdDfRbecd, R bfaRaecdDfRbecd,
{4, 4, 4}{2, 2, 2} RfaecRabcdDfR bed, RfceaRabcdDfR bed.
The result above is checked both by hand and by the computer programming independently.
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